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The quartic anharmonic oscillator and its associated
nonconstant magnetic field

T. Allen, C. Anastassiou, and W. H. Klink
Department of Physics and Astronomy, The University of Iowa, Iowa City, Iowa 52242

~Received 5 March 1997; accepted for publication 16 April 1997!

Quantum mechanical anharmonic oscillators and Hamiltonians for particles in ex-
ternal magnetic fields are related to representations of nilpotent groups. Using this
connection the eigenfunctions of the quartic anharmonic oscillator with potential
Va(x)5(a1(x2/2))2 can be used to determine the eigenfunctions of a charged
particle in a nonconstant magnetic field, of the formBz5b21b3x. The quartic
anharmonic oscillator eigenvalues for low-lying states are obtained numerically and
a function which interpolates betweena!0 ~a double harmonic oscillator! anda
@0 ~a harmonic oscillator! is shown to give a good fit to the numerical data.
Approximate expressions for the quartic anharmonic oscillator eigenfunctions are
then used to get the eigenfunctions for the magnetic field Hamiltonian. ©1997
American Institute of Physics.@S0022-2488~97!03010-7#

I. INTRODUCTION

It is well known that there are many completely integrable systems in classical mechanic
are not soluble in quantum mechanics. The class of one-dimensional anharmonic oscillato
vide one such example. Another is a charged, spinless particle in an external magnetic fie
a vector potential of the formAx5Az50, Ay5Ay(x). Such a vector potential generates a ma
netic field in thez direction that in general varies inx. Classically, for motion confined to thex–y
plane, such a system is completely integrable because two integrals of the motion exi
HamiltonianH and the generalized momentumpy . However, the only known quantum mechan
cal solution for such systems is for a constant magnetic field,Ay(x)5B0x. In that case, as show
by Landau,1 the eigenfunctions and eigenvalues are closely related to those of the har
oscillator.

In fact, this quantum mechanical relationship between two different classically comp
integrable systems, namely, the harmonic oscillator and the constant magnetic field, can b
eralized. If the functionAy(x) is a polynomial inx, then there exists a nilpotent group wit
representations on the Hilbert spaceL2(R2) ~the Hilbert space for a particle in thex–y plane!
whose generators give the Hamiltonian for the charged particle. Furthermore, if the represe
for the nilpotent group onL2(R2) is reducible, then the space of irreducible representations o
nilpotent group isL2(R), in which case the Hamiltonian is that of an anharmonic oscillator. O
of the goals of this paper is to obtain numerical solutions of quartic anharmonic oscillators w
can then be used to obtain solutions for particles in a nonconstant magnetic field.

As an illustration, consider the case of a constant magnetic field.2 Then the nilpotent group is
the Heisenberg group, which can be written as the set of matrices

GH :5H S 1 a c

1 b

1
D J [$~a,b,c!%, a,b,cPR. ~1!

To get a unitary representation onL2(R2), we induce with the subgroup (0,0,c)→eig, g real. This
representation is given by
0022-2488/97/38(10)/4887/13/$10.00
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~U ~a,b,c!
g C!~x,y!5eig~bx1c!C~x1a,y1b!, CPL2~R2!. ~2!

Lie algebra representations are given by the~anti-Hermitian! operators

~a,0,0!→A5
]

]x
, ~0,b,0!→B5

]

]y
1 igx, ~0,0,c!→C5 ig, @A,B#5C. ~3!

The Hamiltonian for the particle in a constant magnetic field is quadratic in the generatorsA and
B

22Hg5A21B25
]2

]x2 1S ]

]y
1 igxD 2

, ~4!

whereg is the ~dimensionless! strength of the magnetic field. IfHg is Fourier transformed iny,
the Hamiltonian for the harmonic oscillator results. Group theoretically, this corresponds t
composing a reducible representation onL2(R2) to irreducible ones onL2(R).

The irreducible representations of the Heisenberg group are induced by the sub
(0,b,c)→ei (bb1cg), b, g real. These representations are given by

~U ~a,b,c!
bg w!~x!5ei ~bb1gxb1gc!w~x1a!, wPL2~R!. ~5!

The infinitesimal generators are

~a,0,0!→A5
]

]x
, ~0,b,0!→B5 i ~b1gx!, ~0,0,c!→C5 ig, ~6!

and the Hamiltonian is

22H5A21B25
]2

]x22~b1gx!2, ~7!

the harmonic oscillator Hamiltonian.
It is also possible to analyze the Hamiltonian for the regular representation onL2(R3), where

~RgF !~x!5F~xg!, FPL2~R3!,

~R~a,b,c!F !~x,y,z!5F~x1a,y1b,z1c1xb!, ~8!

with the Lie algebra representation

A5
]

]x
, B5

]

]y
1x

]

]z
, C5

]

]z
. ~9!

In this case the Hamiltonian is called a sub-Laplacian and is written as

D:5A21B25
]2

]x2 1S ]

]y
1x

]

]zD
2

. ~10!

The sub-Laplacian plays an important role in dealing with the generalized heat equation,

Dpt5
]pt

]t
, pt505d3~x!, ~11!
J. Math. Phys., Vol. 38, No. 10, October 1997
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the solution of which is given in Refs. 3 and 4.
More generally ifA~x! is any polynomial inx, there exists a nilpotent group with represe

tations onL2(R3) whose generators give the charged-particle Hamiltonian. This can be sho
the following way.

Let A~x! be the vector potential associated with a magnetic fieldB~x! that couples to a
charged particle. Then the commutator of the generalized momentum will be

F1

i

]

]xj
2Aj~x!,

1

i

]

]xk
2Ak~x!G5 i e jklBl~x!,

F1

i

]

]xj
2Aj~x!, Bk~x!G5

1

i

]Bk

]xj
,

A ~12!

If the vector potentialA~x! is a polynomial inx, then these commutation relations will close
give a nilpotent Lie algebra. A quadratic sum of the generators gives the charged-particle H
tonian

2H5 (
j 51,2,3

F1

i

]

]xj
2Aj~x!G2

. ~13!

Thus any vector potential that is polynomial in its spatial variables generates a representa
some nilpotent Lie algebra acting onL2(R3).

On L2(R), on the other hand, consider the nilpotent Lie algebra generated by 1/i (]/]x) and a
polynomialp(x); again commutators starting with

F1

i

]

]x
,p~x!G5

1

i

]p

]x

A ~14!

will eventually close, giving a representation of some nilpotent Lie algebra. The Hamiltoni
this case is again a quadratic sum of generators, of the form

2H52
]2

]x2 1@p~x!#2, ~15!

which is the Hamiltonian for an anharmonic oscillator.
In Sec. II we will work out these connections for a nilpotent group called the quartic grouQ,

and show that representations ofQ link the quartic anharmonic oscillator to a particle in
nonconstant magnetic field of the formBz5b21b3x, Ax5Az50. In Sec. III we analyze the
quartic anharmonic oscillator using a combination of numerical methods and analytic appro
tions. In Sec. IV we relate these oscillator solutions to the charged particle problem.

II. THE QUARTIC GROUP Q

In this paper we will look at the simplest nilpotent group generalization of the Heisen
group, a group denoted byQ because it generates the quartic anharmonic oscillator~as well as a
nonconstant magnetic field Hamiltonian!.

Define the quartic nilpotent groupQ by
J. Math. Phys., Vol. 38, No. 10, October 1997
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Q:55 S 1 b b2/2 b3

1 b b2

1 b1

1

D 6 [$~b,b!%, b,biPR. ~16!

ThenQ forms a group under ordinary matrix multiplication, with group multiplication given

~b,b!~b8,b8!5S b1b8,b11b18 ,b21b281bb18 ,b31b381bb281
b2

2
b18D ,

~17!

~b,b!215S 2b,2b1 ,2b21bb1 ,2b31bb22
b2

2
b1D .

Important subgroups ofQ include the Heisenberg groupGH5$(b,0,b2 ,b3)% and the invariant
Abelian subgroup$(0,b1 ,b2 ,b3)%.

The irreducible representations ofQ are obtained by inducing from the invariant Abelia
subgroup

~0,b!→ei b•b, bPR3; ~18!

then

~U ~b,b!
b w!~x!5ei @b1b11b2~b21xb1!1b3~b31xb21~x2/2!b1!#w~x1b!,

~b,b!PQ, wPL2~R!. ~19!

From these irreducible representations onL2(R), it is possible to compute the~anti-Hermitian!
infinitesimal operators corresponding to one-parameter subgroups ofQ

~b,0,0,0!→X05
]

]x
, ~0,b1,0,0!→X15 i S b11b2x1b3

x2

2 D ,

~0,0,b2,0!→X25 i ~b21b3x!, ~0,0,0,b3!→X35 i ~b3!.
~20!

The commutation relations are

@X0 ,X1#5X2 , @X0 ,X2#5X3 , ~21!

with all other commutators zero; these commutation relations agree with those coming fro
Lie algebra ofQ, as is easily checked by making use of the matrix realization ofQ, Eq. ~16!. The
relationship betweenQ and quartic anharmonic oscillators is given by writing the Hamiltonian
a quadratic sum of generators

22Hb5X0
21X1

25
]2

]x22S b11b2x1
b3

2
x2D 2

. ~22!

The nonconstant magnetic field related toQ is obtained from the reducible representati
induced from the subgroup (0,0,b2 ,b3)→ei (b2b21b3b3)
J. Math. Phys., Vol. 38, No. 10, October 1997
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~U
~b,b!

b2b3c!~x,y!5ei @b2~b21xb1!1b3~b31xb21~x2/2!/b1!#3c~x1b,y1b1!, cPL2~R2!,

X05
]

]x
, X15 i S b2x1b3

x2

2 D1
]

]y
,

X25 i ~b21b3x!, X35 ib3 ;
~23!

22Hb2b35X0
21X1

25
]2

]x2 1F i S b2x1b3

x2

2 D1
]

]yG2

,

which is the Hamiltonian for a particle in a nonconstant magnetic field given byAx5Az50, Ay

5b2x1b3x2/2, Bz5b21b3x.
Though the Hamiltonian in Eq.~23! appears to be the usual Hamiltonian for a particle in

external magnetic field, all the quantities, including the representation labelsb2b3 , are dimen-
sionless. To connect the Hamiltonian Eq.~23! with a Hamiltonian that has the dimensions
energy the following transformations must be made.

Let H5hH8, h carrying units of energy andH8 a dimensionless operator. Likewise letA
5aA8, m5Mm8, and B5bB8. Suppose we write“ as (]/]w1 ,]/]w2 ,]/]w3), wherewi are
Cartesian coordinates. LetL be a constant with units of length, and letw15Lx, w25Ly, w3

5Lz, wherex, y, andz are now dimensionless variables. Then we have

hH85
1

2m S 2
\ i

L
“x,y,z2

ea

c
A8D 2

2
1

2
Mbm8–B8. ~24!

Note that the combinationsh0[(hmL2/\2), a0[(aLe/\c) andM0b0[(MbmL2/\2) are dimen-
sionless parameters. If we now define new, dimensionless operatorsH05h0H8, A05a0A8, m0

5M0m8 andB05b0B8; then the operator

H05 1
2~2 i“2A0!22 1

2m0–B0 ~25!

is completely dimensionless as well.
As before, we will now restrict the class of vector potentials toA05(0,b2x1b3(x2/2)

1••• ,0)[(0,Ay(x),0), which produces an inhomogeneous,x-dependent magnetic field in th
z-direction. In this case the Hamiltonian becomes

H052
1

2

]2

]x2 1
1

2 S 2 i
]

]y
2Ay~x! D 2

2
1

2

]

]z2 . ~26!

If the eigenfunctions of this Hamiltonian are written asC(x,y,z)5e2 ib1y2 ipzz3F(x), then we
have~ignoring the constantpz

2 term!

H52
1

2

]2

]x2 1
1

2
~b11Ay~x!!2. ~27!

In particular, if we chooseAy5b2x1b3(x2/2) the Hamiltonian becomes

22H5
]2

]x22S b11b2x1b3

x2

2 D 2

, ~28!

which is identical to Eq.~22!.
Introducing the linear transformationx85b3

1/3(x1b2 /b3) and defining
J. Math. Phys., Vol. 38, No. 10, October 1997
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a[
b1b32~1/2!b2

2

b3
4/3 , ~29!

en~a![2b3
22/3E, ~30!

we find that the Schro¨dinger equationHFn5EFn reduces to

]2Fn

]x82 2S a1
x82

2 D 2

Fn52en~a!Fn . ~31!

From Eq.~29!, we see thata depends onb1 , the momentum along they direction which can
take any value. So for a given magnetic field~i.e., a givenb2 and b3! H has a continuous
spectrum. Physically this means that particles can drift along they axis to infinity, corresponding
classically to a grad-B drift.

Finally, before considering particular solutions, we note that the quartic potential@Eq. ~31!# is
equivalent to the problem of a general quartic potentialVc5c01c1x81c2x821c3x831c4x84,
wherec4.0 and22HF(x8)52ecF(x8). Because we will frequently use this equivalence
translate results from other studies into the variables used in this paper, we list the equation

a5~4c4!22/3S c22
3c3

2

8c4
D , mz52~4c4!21/2S c12

c2c3

2c4
1

c3
3

8c4
2D ,

~32!

e~a!5a21~4c4!21/3S ec2c01
c1c3

4c4
2

c2c3
2

16c4
2 1

3c3
4

256c4
3D ,

where mzX2 can be added to the magnetic field Hamiltonian, Eq.~23!, to allow for external
electric fields.

III. NUMERICAL ANALYSIS

Much of the previous work on the quartic Hamiltonian has centered on finding precise m
ods of determining its eigenvalues for specific values ofa. Success is often measured by ho
many decimals one can produce afterN iterations of one’s procedure. We take a somew
different approach. Instead of seeking very precise energies for particular values ofa, we wish to
find functions that approximateen(a) for all aPR, as theseen(a) and their associated eigen
functions are needed to obtain the magnetic field eigenfunctions.

We have used a Runge–Kutta numerical integration program to calculate the eigenvalu
a wide range ofa. The results agree with those of other researchers.5–8 These data are shown i
Fig. 1 ~solid lines! and compared with the eigenvalues for a simple harmonic oscillator~dotted
lines!. Furthermore, the integration technique can provide the values of the zeros of the
functions. These data are shown in Fig. 2 forn52,3, as a function ofa.

We now wish to construct functionsen(a) and zn(a) that interpolate the energy and ze
data. The asymptotic behavior ofen(a) is already known. In the casea@0, the potentialVa

5a21ax21x4/4 may be approximated by ignoring thex4 term. This leaves a simple harmon
potential plus a constant potential. The asymptotic solutions become

en~a!5a21~2n11!Aa, a@0, ~33!

Fn5hnS x

a1/4De~2Aax2/2!, a@0. ~34!
J. Math. Phys., Vol. 38, No. 10, October 1997
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The numerical results confirm this behavior. For example, for the ground state, the diffe
between the quartic eigenvalue and the harmonic asymptote ata54 is already as small as 0.04

Describing the asymptotic behavior in the casea!0 requires a different approach. For an
a,0, Va becomes a double-well potential, each well centered aboutx56A22a. Rewriting the
potential around either of these points, we obtain

Va5 1
4~x6A22a!47A22a~x6A22a!322a~x6A22a!2. ~35!

For a large and negative, the main contribution will come from the final, quadratic term. Ei
functions will approach the sum or difference of two independently displaced harmonic osc
wave functions. Consequently, eigenvalues will pair up at each harmonic energy level, whi
can write asen(a)5(n1@11(21)n#/2)A22a. Numerically, the pairing occurs as early asa
522.90 for the ground and first excited states, anda524.30 for the second and third.

FIG. 1. Eigenvalues of the quartic potential as a function ofa.

FIG. 2. Zeros of the quartic eigenfunctions as a function ofa.
J. Math. Phys., Vol. 38, No. 10, October 1997
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The numerical results shown in Fig. 1 provide yet another guide to the functional for
en(a). When the harmonic eigenvalues are subtracted from the total anharmonic eigenvalu
difference falls off as 1/a for large magnitudes ofa.

For these reasons, we have tried to fit the numerical data to a function of the form

en~a!5a2u~a!1S ~as~a!!3/21
p

qD 1/3

, ~36!

whereu~a! is an analytic approximation to the step function;s is a similar, step-like function
describing the asymptotic behavior andp/q is a ratio~of order unity! of polynomials that correctly
approximates the numerical behavior fora'0.

Specifically, we have chosen the forms

u~a!5
1

11t1e2t2a , s~a!5s2s1

~12e2s1a!

s21s1e2s1a ,

p~a!5p01p1a1p2a2, q~a!511q1a1q2a2,
~37!

wheres15(2n11)2, and it ands2 are predetermined by the required asymptotic slopes, bu
rest of the coefficients are found using some fitting method.

Our current best fit, in terms of^uen2enumu2&, uses the coefficients in Table I. Note that f
en , n>1, p0'0.17(2n11)4, so that fora'0, en}(2n11)4/3 as predicted by WKB methods.6

The fit is sufficiently good that it cannot be distinguished from the solid line in Fig. 1.
We also wish to construct a functionzn(a) describing the zeros of the eigenfunctions.

doing so, we need to incorporate the following asymptotic behavior:

a@0: zn→
jn

a1/4,

a!0: z2 ,z3→A22a ,
~38!

wherejn is a zero of the correspondingnth Hermite polynomial. For example,j25A1/2 andj3

5A3/2.
We have chosen to try to fit the data forz2(a) andz3(a) using a function of the form

zn~a!5
~2a tanha!1/2e2dza1jnedza1~p8/q8!

e2dza1~a tanha!1/4edza
, ~39!

where dz and the coefficients in the ratio of polynomialsp8/q8 are found using some fitting
method.~The tanha term acts as a continuously differentiable approximation to the absolute v
function.! Our current best fit, in terms of^uzn2znumu2&, uses the coefficients in Table II.

The same Runge–Kutta program that provided us with the data for the eigenvalues and
also calculated values of the unnormalized eigenfunctionFn(x,a) at various pointsxPR. We

TABLE I. Best fit eigenvalue coefficients.

s2 t1 t2 s1 p0 p1 p2 q1 q2

e0 2 0.817 5 1.2052 0.713 0.3398 0.6170 0.0622 20.669 0.1934
e1 2 0.256 3 1.862 1.2245 13.79 14.50 1.553 20.5775 0.2407
e2 18 0.000 436 6.448 0.953 105.5 113.1 2.34 20.208 0.133
e3 18 3.983 7 6.2445 0.8612 408.9 197.4 7.93 20.335 0.0927
J. Math. Phys., Vol. 38, No. 10, October 1997
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wish to use these data, along with our knowledge of the eigenvalues and zeros, to for
analytic approximations toFn(x,a), which we will do here forn50 – 3.

Different researchers have used various Ansa¨tze as the approximate forms of quartic oscillat
eigenfunctions. One common approach, useful fora.0, is to assume an eigenfunction of the for

Fn5e2~x2/2!(
i 50

`

cnx2n, ~40!

and to substitute that into the differential equation. A three-term difference equation results,
may then be solved approximately using determinant methods.5,9 Alternatively, one can use the
zeroth-order WKB approximation and make appropriate simplifications for large or smalla.9

Mindful of the WKB results, one could also choose some specific form for the eigenfun
that obeys the correct asymptotic behavior, such as

F05e2@aE0
2x41~1/36!x6#1/2

, E0
32

1

4
E02

1

24a3/250, ~41!

as was done by Ginsburg and Montroll.10

For a,0, Balsaet al. suggest using harmonic oscillator eigenfunctions and a variati
method wherein not only the variational parameter but also the excited state numbern are
varied.11 Arias de Saavedra and Buendı´a, on the other hand, propose that a basis set of sum
displaced harmonic oscillators be used as the Ansatz in a variational procedure.12

In all these cases, however, the Ansatz is decided upon first, then used to approxim
quartic eigenvalues. Such methods can produce extremely precise results. For example,
Meurice, and Soemadi have recently devised a method giving 30-digit accuracy for the fir
excited states,13 and Vinette and Cˇ ı́žek have produced a 62-digit result for the ground-sta
a50 case.8

However, because we wish to translate the quartic eigenfunctions into eigenfunctions
corresponding magnetic field problem, which requires solutions for all values ofa, we do not seek
precise determination of the eigenvalues by variational or other methods. Instead, we assu
the eigenvalues, the zeros of the eigenfunctions, and other pertinent features of the proble
been determined numerically and strive to find approximate, analytic functions that mim
exact solution for alla. In other words, instead of approximating the eigenvalues by assum
form for the eigenfunction, we attempt the inverse: approximate the eigenfunction by assum
form for the eigenvalues.

Toward this end, we desire a general form for the eigenfunction that incorporates the ca
a both positive and negative, its magnitude both large and small. Fora>0 ~the single-
well potential!, the eigenfunction will be centered on the origin. Fora,0 ~the double-well po-
tential!, it will resemble the sum or difference of two oscillator eigenfunctions displaced a dist
6A22a from the origin. Further, we know that asymptotically, the eigenfunctions approa
single harmonic oscillator eigenfunction whena@0 and two displaced harmonic oscillator eige
functions whena!0.

TABLE II. Best fit zero coefficients.

dz p08 p18 p28 q18 q28

z2 0.564 0.068 20.766 21.460 1.370 1.826
z3 0.469 0.142 20.896 20.622 0.599 0.989
J. Math. Phys., Vol. 38, No. 10, October 1997
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We will make an assumption similar to that of Aharonov and Au,14 that the exponent of the
eigenfunctions may be expressed as an infinite series. We use powers ofx2 rather than a series o
orthogonal functions because the potential itself is a polynomial inx2. A form for the even parity
eigenfunctions that has the correct asymptotic limits is

F0
a~x!5A0~a!cosh~b0~a!x!e2~a02x

21a04x
41••• !,

F2
a~x!5A2~a!~x22z2

2~a!!cosh~b2~a!x!e2~a22x
21a24x

41••• !,

~42!

and so on. For the odd parity eigenfunctions we write

F1
a~x!5A1~a!sinh~b1~a!x!e2~a12x

21a14x
41••• !,

F3
a~x!5A3~a!~x22z3

2~a!!sinh~b3~a!x!e2~a32x
21a34x

41••• !,

~43!

and so on. Here,An(a) are normalizations depending ona and theank(a) are as yet unspecified
functions of a. The cosh(bn(a)x) and sinh(bn(a)x) terms have been introduced so that
a→2`, two independent harmonic oscillators with the same energy result. This means t
a→2`, bn(a)52A22aan2(a). Further, fora>0, bn(a)→0. The quantitieszn(a) occurring
in Eqs.~42! and ~43! are the zeros of the eigenfunctions and are given in Eq.~39!.

By substituting each eigenfunction, Eqs.~42!, ~43! into the Schro¨dinger equation, and expand
ing aboutx50, we obtain recursion relations for each eigenfunction. For example, for the gr
state

a025
1
2~e081b0

2!,

a045
1

12~~e08
22a!2b0

4!,

a065
1

45~e08~e08
22a!1b0

62 3
8!,

A ~44!

wheree085e02a2.
There are a number of ways of obtainingbn(a). We have chosen to determinebn(a) by

minimizing the integral

iFn
a i2Fn,num

a i i25E
2`

1`

dxuFn
a i2Fn,num

a i ~x!u2, ~45!

whereFn,num
a i (x) are the numerically determined values of the eigenfunctions for the pote

(a i1(x2/2)2); andFn
a(x) are the functions in Eqs.~42! and ~43! along with the corresponding

recursion relations. The results forb0(a) andb1(a) are shown in Fig. 3 fora.22. A function
that roughly approximatesb1(a) is

b1~a!5

22ae20.0242a1
2.42312.033a10.394a2

110.190a10.00869a2

11e20.0242a . ~46!

The difficulty we have with determining thebn(a) is that when the eigenvalues becom
nearly degenerate fora,0, it is very difficult to get reliable eigenfunctions numerically a
hence, to obtain thebn(a) for those values ofa. For that reasonb0(a) andb1(a) are not given
for a,22 in Fig. 3. However, fora>0, whenbn(a);0, we are able to obtain very good fits fo
Fn

a.0(x). In this case using three terms in the recursion relations, the quantityiFn
a2Fn,num

a i2 is
less than 1027 for n50,1,2,3. For 22<a,0 the fits are not as good. In Figs
J. Math. Phys., Vol. 38, No. 10, October 1997
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4 and 5 we show the results fora521.5 for F0 and F1 . Clearly more work is needed in
obtaining reliable numerical data for the eigenfunctions in the regiona,0, where the eigenvalue
are nearly degenerate.

IV. CONCLUSION

Using group theoretical methods, we have shown that eigenfunctions for a particle
nonconstant magnetic field given by the vector potentialAy(x)5b2x1b3(x2/2), Ax5Az50, are
related to the eigenfunctions of a quartic anharmonic oscillator with a potentialV(x)5(a

FIG. 3. Numerical results forb0(a) andb1(a).

FIG. 4. c0(x) for a521.5.
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1(x2/2)2). No exact solutions to this potential are known. However, with suitable approxim
eigenfunctions and eigenvalues for the quartic anharmonic oscillator, we can construct the
functions for a particle in a nonconstant magnetic field.

Given Fn
a(x), Eqs.~42!, ~43! the magnetic field eigenfunctions are

cE,b1 ,pz

b2b3 ~x!5e2 ib1ye2 ipzzFn
a~x!, E5 1

2b3
2/3en~a!, a5

~b1b32 1
2b2

2!

b3
4/3 , ~47!

whereb2 andb3 give the~dimensionless! field strength, andb1 is the~conserved! momentum in
the y direction.

Though the Hamiltonian for the quartic anharmonic oscillator has a discrete spectrum
Hamiltonian for the particle in a nonconstant magnetic field has a continuous spectrum, in co
to a particle in a constant magnetic field~confined to a plane!. And, since theFn

a(x) are anhar-
monic oscillator solutions, they die off asuxu gets large, which means the motion of the particle
bounded in thex direction. It is not, however, bounded in they direction. Physically, these result
correspond to a quantized grad-B drift, in which particles in a nonconstant magnetic field d
execute circular motion, but rather drift in they direction to infinity.

To obtain approximations for the magnetic field eigenfunctions, we require the eigenfun
and eigenvalues of the quartic anharmonic oscillator for all values ofaPR. As discussed in Sec
III, for large magnitudes ofa, the potentialVa(x) approaches harmonic oscillator potentials. Th
the asymptotic forms of the quartic anharmonic oscillator eigenfunctions and eigenvalue
constrained to approach known harmonic oscillator values.

In contrast to what is done in many numerical studies of the anharmonic oscillator~wherea
is fixed and very precise values of the eigenfunctions and eigenvalues are sought!, we have instead
used the numerical data to approximate the eigenfunctions and eigenvalues of the quartic
monic oscillator for all values ofa. We have chosen functions that have the correct asymp
behavior and which contain parameters that can be adjusted to give a best fit to numerica

FIG. 5. c1(x) for a521.5.
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8 Dec 2009 to 129.255.1.116. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



n

e-
param-

have

Alter-

a-

th.

4899Allen, Anastassiou, and Klink: Quartic anharmonic oscillator

Downloaded 2
From the functional forms we have chosen for the energy eigenvaluesen(a), given in Eqs.
~36! and~37!, and for the zeros of the eigenfunctions, given in Eq.~39!, the parameters have bee
chosen to give a best fit for each value ofn50 – 3.

Similarly, a functional form for the eigenfunctionsFn
a(x), given in Eq.~42!, provides the

means for approximating the eigenfunctions forn50 – 3. Here, however, the procedure is som
what more complicated than for the eigenvalues and zeros, for it is necessary to know the
eter bn(a) before the coefficients appearing in the eigenfunctions can be determined; we
chosen to determine thebn(a) by minimizing iFn2Fn,numi for all a. A more effective procedure
might describe thebn using Ansatz-indepedent parameters such as wave function extrema.
natively, an Ansatz that did not require this extra parameterbn might be sought. Indeed, ifa is
restricted to nonnegative values, the parameterbn can be set equal to zero~see Fig. 3!. In this case,
our approximation method successfully and efficiently describes the eigenfunctions.
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