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A new method is presented for solving the Schrodinger eigenvalue problem for anharmonic oscillators, using the
Liouville transformation and a systematic iteration procedure. The Liouville transformation changes the potential V in
the original eigenvalue equation to Q, which is highly singular. But, the singularity can be softened by rewriting the
basic equation. We turn the equation into an integral equation and solve it by iteration. A simple criterion is established
for the convergence of the iteration series. Our method is tested on the model of 2ux? + Ax* potential (i, A > 0) for
the purpose of comparing it with the perturbation theory. Most remarkably, our method gives iteration series for the
eigenfunctions u,(x), converging uniformly in x irrespective of the magnitude of A, implying the convergence for the
eigenvalues also, while the perturbation theory is known to give divergent series no matter how small A is. Our method
gives very good results for eigenvalues already at the first iteration, the better for the higher excited states.
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(21x? + Ax*)-potential

1. Introduction

There have been continued efforts to develop approxima-
tion methods for solving the Schrodinger eigenvalue
problem for the anharmonic oscillator with potential
2ux? + Ax*: numerical solution” by Milne’s method;” the
perturbation method®>® and the WKB method’™ both with
series diverging but asymptotic and Borel summable; the
so-called variational Sturmian approximation;'®!" and
asymptotic iteration method'? whose convergence has not
been examined yet.

We would like to add one more method based on the
Liouville transformation, which gives a convergent iteration
series, at least to the model we consider as a touchstone. It
is true that the eigenvalues can be obtained numerically
by Milne’s method easily and to an arbitrary degree of
approximation, and then the eigenfunctions likewise by
numerically solving Schrodinger equation for the eigenva-
lues so obtained, but it is certainly useful to have simple
analytic expressions for the eigenfunctions to a good
approximation.

We shall present our method in §2 for a one-dimensional
Schrodinger equation with a potential V(x) which grows
to +00 as x — oo, and is in addition assumed to be
symmetric for the sake of simplicity. We use the Liouville
transformation with singularities of the transformed potential
softened significantly by rewriting the basic equation. We
convert the equation to an integral equation, which we solve
by iteration in §3, establishing in §4 a sufficient condition for
its convergence, uniform in x. The eigenvalues are extracted
from the eigenfunctions, so that the uniform convergence of
the eigenfunctions implies the convergence for the eigenva-
lues.

The use of the Liouville transformation makes our
eigenfunctions look like the ones in the WKB approxima-
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tion, but it is different because firstly it is not an expansion in
powers of /i, and moreover gives a convergent series at least
for the models, one presented below and the others to be
treated in the paper to follow, in contrast to the divergent one
in the WKB approximation,”® and secondly it does not use
asymptotic approximation in any sense in connecting the
eigenfunctions at the turning points nor at the center of
symmetry of the potential.

In §5, our method is applied to the case of V(x) =
2ux® + Ax* (1, A > 0) for the sake of comparing it with the
perturbation theory taking Ax* as perturbation. We find that
our method gives the better approximation to the eigenva-
lues already in the first approximation than the perturbation
theory does except for the case of the ground state with very
small A. Our method gives the better approximation to the
higher excited states. We shall establish moreover that
our iteration series for the eigenfunctions u,(x) converge
uniformy in x irrespective of the magnitude of A, while
the perturbation series is known to diverge® and is only
asymptotic for 4 — 0. Some discussions are given in the
final section.

2. Liouville Transformation and the Connection
Conditions

We present a new approximation method for solving the
Schrodinger eigenvalue problem,

m d
{— Il + V(x)}u(x) = Eu(x)

(—o0 < x < 00) 2.1

in one-dimension, in which the potential V(x) is assumed,

for the sake of simplicity, to be symmetric,
V(=x) = V), (2.2)

bounded below, to grow to oo as x — %00, and to have only
two turning points, x = +a,

V(+a) = E, (2.3)

©?2012 The Physical Society of Japan
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Fig. 1. The potential V(x) and the regions of the x-axis.

for the energy eigenvalue E concerned. We divide the
x-axis into four regions as shown in Fig. 1. The symmetry
(2.2) of our potential allows us to restrict our attention to
region I and II when studying the eigenvalue problem
with the eigenfunctions being extended to region III and
IV by its symmetry (even parity) or antisymmetry (odd
parity).
We change the scale by

X =agq

for u(x) =u(g; E) with the suffix [ distinguishing the
regions (I = I, II). Then eq. (2.1) becomes

d2
{d_qz F K(E) w(g; E)}Mz(q; E)=0, (2.4)
where
w(q; E) = ’7V(aEEE)q) — 1}, (2.5)
) 172
mm=(%%ﬂl), (2.6)

Here and in the following also, the upper sign is for region I
and the lower sign for region II. Since the scale a depends on
E by eq. (2.3), it is denoted by a(FE) in egs. (2.5) and (2.6).
The parameter E may be suppressed when there is no danger
of confusion.

2.1 Liouwville transformation
The Liouville transformation'® is defined as u — A and

g &by

The function (2.10) in our basic equation (2.9) is singular
at the turning point ¢ = —1, or the boundary between region
I and II where w(g; E) =0. We shall show that this
singularity can be softened significantly'” by adding
(5/36)(1/8%) to Q(g; E).

To show this, we examine the behavior of Q(g; E) in the
neighborhood of the turning point ¢ = —1 using the Taylor
expansion,

_ Vlag)
E

1 =ai(g+ D+ ag+ 1> +a3(g+ 1> +---.

The coefficients a; depend on E, though suppressed. We
have

w(g; E) = Flai(g + 1) + ax(g + 1)?

+as(g+ 13+, (2.11)
which leads to
1 302 1
E) ==+ —
@B {16a1 G+1°  16a] (g + 1)
— 6a> 1
da143 003 4oL (2.12)
16a; q+1
On the other hand
~1
;= i/ w(q; E)'/*dq
q
24!? 3a
== (F g+ VPP 1+ =@+ 1D
3 10a;
12a,a3 — 3a% 2
S ——— 1 2.13
S6a7 g+ D"+ (2.13)
and therefore
5 1 . 5 1 3a, 1
36 ¢(q; E)* 16ai (g+ 1) 16a; (g+ 1)
75 —66a> 1
At =200 4o b (2.14)
560ay q+1
Adding egs. (2.12) and (2.14), we get
~ 5 1
OGE) =0@GE+—-——3
36 ¢(q; E)?
-15 94 1
" a1a3%+ a; + @15
35a; q+1

which is now free from the first two singularities in the curly
bracket in eq. (2.12), but still has the singularity of order

S — L -1/4 .
u(q; E) = w(q; E) A& E) 2.7 1/(g+1).
and
£(q; E) = k(E)t(q; E) 2.2 Integral equations
g Using O(q; E) in eq. (2.15) with softened singularity, we
(g E) = q:/ w(q'; E)'/?dq . (2.8) rewrite eq. (2.9) as
- @ 51
— F1+—— |AUEE
Then, eq. (2.4) becomes (df;‘z Fl+ 36 52) 1§ E)
<d2 1>A EE) = —— 0l OME E), 29) — 0 EAGEE) 2.16)
déz :F IS, - K(E)2 q; I\S>» s . - K(E)z q; IS, s .
where which is the basic equation we are going to solve under the
5 1 dw(q; E)\* boundary condition,
QG E)=—1e———5 ( dq )
w(g; E) q A& E)— 0 as & — oo, (2.17)
1 1 dwqE) . _ ) .
Z — . (2.10) and smooth connections of ui(g; E) and uy(q; E) at their
4 w(q: E) dg boundary, g = —1, and up(q; E) and uyi(g; E) at g = 0.
034003-2 ©?2012 The Physical Society of Japan
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Put

A& E) = E7Z)(& E).

Then, eq. (2.16) becomes
& 1d 11
—t-—F1- Z(&E
(dé”édﬁ 3 52> (&5

(E) 0(q; E)Zi(§; E). (2.18)

(E
If O were 0, then this would be the equation for the Bessel
function of order £1/3, its solutions being

ACIES { f;izg) in region I,
J
Zu(§) = { J1_/13/(3$()S) in region II.

We convert the differential equation (2.18) into integral
equation in the respective regions.

(a) Region I
For region I, taking the boundary condition (2.17) into
account, we have

AE E) = E'2K )5(8)

W/o G1(§,8)0(q's E)YA(E; E)dE, (2.19)

where the Green function is given by
GI(§.§) = —(E&) (K1 5(&) 11360 — §)
+ L3 K13E)0E — 8)

00 —1
[Coa= [
0 —00

with & = &(q’; E) defined by eq. (2.8). In terms of ¢/, the inte-
gral (2.19) converges at the turning point, due to the Jacobian
w(q'; E)'/? canceling the singularity of Q(q'; E) partially.

+

(2.20)

and

K(E)yw(q'; E)'*dq

(b) Region II
For region 1II also, we have the integral equation,

An(& E) = EVHA(E) j3(8) + B(E)J_1/3(5)}

1 &(0;E) e / /
+ @/o Gu(£.£)0(q; E)An(§; E)d§.

(2.21)
The upper limit £(0; E) of the integral in eq. (2.21) is defined
by eq. (2.8) with g = 0, so that

5(0E)
/ o dE = /O - k(Eyw(q; E)'/* dg’
0 -1

with the integral converging at the turning point as above
due to w(q'; E)"/>.
We have candidates for the Green function,

GAEE) = — % (EE) 21 3(&) Ty 5(EE — E)

GHi(€,8) = aGp(5,6) + (1 — )G §)

O<acx<l), 224

all of which must give the same Ay as long as eqgs. (2.19)
and (2.21) give the solutions (2.7) connected smoothly at
g=—1andO.

We choose here Gp(£, &) = G 1(£,8) as the Green
function in region II.

Remark. We shall show in the paper to follow that, in the
case of V(x) = Ax*, the maximum of 2k for the iteration to
converge depends on the choice of the Green function in
region II.

2.3 Connection conditions

The coefficients A(E) and B(E) in eq. (2.21) are
determined by the condition that the solutions u(q; E) =
Nw(q; Ey"V*A)(& E) in the regions [=1 and II are
connected smoothly at their boundary £ =0 (¢ = —1),
where N is the normalization constant.

The energy eigenvalue E is determined by the condition
that the solutions u;(q; E) in the regions [ = II and III are
connected smoothly at their boundary & = &(0; E) (¢ = 0),
or equivalently, due to our symmetry assumption (2.2),
by

diq{w(q; E) A E)}‘ =0 (even state),

§=6(0:E) (2.25)

=0 (odd state),
§=£(0E)
where the even states are the states of even parity with
symmetric eigenfunctions, u(—gq; E) = u(q; E), and the odd
states of odd parity with antisymmetric eigenfunctions,
u(—=q; E) = —u(g; E).
But, we have

w(g; E)"* An(E; E)‘

dw(g; E) ‘ —0

§=£(0:E)

because dV(x)/dx = 0 at x = 0 by our symmetry assumption
(2.2) on V(x), so that the connection condition (2.25) for the
even states becomes

dAn(§; E)
— = 2.2
a 0 (2.26)
at &£ = £(0; E), while for the odd states,
AuE)=0 2.27)

at £ = &(0; E). Thus, order the solutions & of eqgs. (2.26) and
(2.27) according to their magnitudes, and call them y,(E)
(n=20,1,...). Then, we get the equation, &(0; E) = y,(E),
for the energy eigenvalue E = E,, that is,

1/2
K(E) / { V(a(E)q)} dg = y,(E). (2.28)

We call eq. (2.28) the eigenvalue formula.

3. Iteration

+ 1136 J-13(E)0E — §)), (2.22) i
5 ) e i ) , We construct the solutions A;(§; E) to eqgs. (2.19) and
Gp6.8) = NE (EE) {138 J13(6)0(5 - &) (2.21) by iteration,
+ I3 &N E0E — D), (2.23) A& E) = lim APV E)  with
and their linear combinations,
034003-3 ©?2012 The Physical Society of Japan
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1%

APEE) =) A& B,

o=0

3.1

which are determined, in the respective regions, successively
by

A = / GU&.&) O(q: E) A& E) a&
(I=1To=01,.)
(3.2)

with Gy for region I given by eq. (2.20) and Gy = G
for region II by eq. (2.22). The domains of integrations
are

(=1
(I =1I).

[1]

- { [0, 00)
"7 1 10,£0; E)]

The convergence of the infinite series (3.1) will be examined
in §4.

The Oth order splutions, AEO)(é; E) = /lﬁ())(é; E), are
obtained by putting Q = 0 in egs. (2.19) and (2.21),

AP E) = 82K 5(8),

AR'& E) = EAE) 159 + B(E)158).  (3.3)
The coefficients, A(E) = A®(E) and B(E) = BY(E) in
egs. (2.21) and (3.3), vary with the order v at which the
iteration is approximately terminated, because these coeffi-

cients are determined by connecting the approximate
eigenfunctions,

" (q; E) = N w(gq; E) AV (& E)

in region I and region II smoothly at their boundary & =0
(g = —1). The energy eigenvalues, E = EELV), are determined
by eq. (2.28) with y,(E) = y;")(E), the approximate zeros
of (2.26) or (2.27) for An(& E) = AV (& E). The coeffi-
cient N is determined by normalization of the eigenfunc-
tion,

—a 0
2] " (x; E(”))Izdx+2/ luy (x; EV)? dx = 1

o0

(x = aq).

3.1 Oth order approximation

If we terminate the iteration at the Oth order v = 0, the
approximate eigenfunctions in region I and II are given by
eq. (3.3),

u(q; E) = NOtw(g; E)) ™62 K1 3(8),

uy'(q; E) = NO{w(g; E))™/*&"(AQ(E) ] 5(8)

+ BO(E)J_1 5(6)}. (3.4)

3.1.1 Connection at g = —1 to determine AQ(E) and
B(O)( E)

We have to connect ugo)(q; E) in region I and u%?)(q; E) in
region II smoothly at ¢ = —1 by adjusting A®(E) and
BO(E).

(a) Region 1
In the neighborhood of ¢ = —1, we put

w(g; E) V4 = (alz)—““(l TR ) (3.6)
4(11

and from eq. (2.13)

2 3a
£(q: E)/? = \/;K(E)l/za}/413/4<l _ W;lz + .- ) (3.7)

Since

K138 =

T \/&TK(E) -1 -1/2 a
ﬁr(z/a( 3 ) ¢ (HWalZ)

1/3
_ ﬁr724/3) <@§(E)> 27+ 0E"), (3.8)

the eigenfunction (3.4) in region I behaves as a function of
z=—(14g¢g) as

2 a
u”(g; E) ~ N(O)K(E)l/z\/;<1 + 1021 z)

™ Ja(E)\ ™" a
X{ﬁm/s)( 77) (i)

T ark(E)\'?
T /ArE)3) <ﬁ3( )> o 0(22)}. G2
(b) Region II
In the neighborhood of ¢ = —1, we put
g=-1+z O0O=<zK1). (3.10)
Since
w(g; By 4 = (alz)‘”“(l - 4"72“ . ) 3.11)
1
&q;E)'* = \,/§I<(E)l/2al/4z3/4 1+ S 4
’ 3 ! 20a, ’
(3.12)
and

£\ £/ 1 ,
J1173(8) = (§> {m + 0¢ )}, (3.13)

the eigenfunction (3.4) in region II behaves as

2
u(g: E) ~ N<°>K(E>”2\/; (1 - %z)
BOE) (JaENP (1 ar
“1T2/3) 3 10a; ©

0) 1/3
A0 (*/“_"‘(E)) ot O(Zz)}.

T(4/3) 3 (3-19)

Note the difference in sign of z between egs. (3.5) and
(3.10). Then the smooth connection of egs. (3.9) and (3.14)
as function of g requires that

AO(E) = BOE) = % (3.15)

irrespective of E.
3.1.2  Connection at ¢ = 0 to determine E©

Smooth connection of the eigenfunctions in region II and
IIT at g = 0 determines the Oth order approximation of the

g=-l-z O=z<D. 3.3) eigenvalues E = E©.
From eq. (2.11), we get (a) Even states
034003-4 ©?2012 The Physical Society of Japan
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Equation (2.26) on (3.3) with (3.15) becomes

e {s'/zfm@) + &2 01 58) =0,

or equivalently

{J1/3(8) + 65J_5/3()} + {J_1/3(5) —
by the formulas,

6§.123(6)} =0 (3.16)

d
_é' {EP 138} = &P T4,

e {s‘/*le(s)} = —£"5315(8).

The jth zero of eq. (3.16), y,(E) (n = 2j), is independent
of E, so that it is written as yg}) with the superscript
(0) indicating the Oth order approximation and the sub-
script 2j the order of the excited states. They are found to
be

Y =0.880 167 1,
<°> = 3.945 062,

<°) =17.078 484, . (3.17)

These values, we note, are universally good for any
potentials V(x) and are independent of E in addition. [The
higher order ”’s (v > 1) depend on E.] The corresponding
energy eigenvalues E = E((j)) are given by eq. (2.28), the
eigenvalue formula, with y,(E) = 7’(2(;))

(b) Odd states '

Equation (2.27) on (3.3) with (3.15) is

Ji36)+J_138) =0
whose jth zero & = yilo) (n =2j+ 1) are given by

YV =12.383 447,
‘°> =5.510 196,
= 8.647 358, -- (3.18)

These values are again universally good for any potentials
V(x) and are independent of E. They determine the energy

eigenvalues E = Egj)ll by eq. (2.28), the eigenvalue for-

mula, with y,(E) = J’(z(])il

3.2 Ist order approximation
We push the approximation one step further.

3.2.1 Wave functions to the first order
We terminate the iteration series (3.1) at the first order
v=1.

(a) Region 1
The first order contribution,

WED = / Gi(e.£) O E)E" 2K\ o(¥) &,
0

from eq. (3.2) with o = 0 gives the approximate eigenfunc-
tion in region I,

M (q; E) = NDw(g; E) V42K, 5(E)p®) + 13 v(6)}
(3.19)
with

034003-5

1 ¢ ~
p&) = W/ E13E) Ki3¢) 03 E) dE,

v(§) = — / E(K 30 E)dE. (3.20)

(E)2
The integrations here can be carried out in terms of ¢’ using
the relation (2.8). To evaluate the integrals, we have to rely
on numerical calculations. Though the singularity of Q
mentioned in §2 is suppressed partially by the Jacobian
dé = kw'?dg to make the integral converge, special
attention is paid to treat it by the double exponential
formula.'> We shall not repeat these remarks which apply to
the similar integrals to follow.

(b) Region II
The first order contribution,

o) 1 OB 3 1/2
Ay (6 E) = W/(; Gu(§,8) 0(qs B¢

x {A(E)13(8) + B(E)J-13(8)} €,

from eq. (3.2) with o = 0 gives the first order approximation
for the eigenfunction in region II [the series (3.1) terminated
atv=1],

uiy(q: E) = NVw(g; E)~'/4'/2

x [ADE)(J13©)¢, (&) + J_13E)¢,(8))

+ BOE) I s @ E + T @@, (B.21)
where
| oxopen L
(&) = W?f §J13E)I_136)0(qs E)dE,
0>(6) (E)2 7 f E @0 E)de
$O:E) / N2 A 2 /
() = _WT/ E @10 E)de,
(& =1 (E)2 / E T ) s @0 E)

(3.22)
with £(0; E) given by eq. (2.8).

3.2.2 Connection at g = —1 to determine AV(E) and

BY(E)
To connect the wave functions, (3.19) and (3.21),
smoothly at ¢ = —1, we have to know their behavior around

q = —1 up to the 1st order in z = (g + 1). For this purpose,
we have only to take the Oth order terms of ¢, ¥, ¢, @5, ¥y,
and ,:

b4
~ 1 ~_—"_C{(E
&) ~ 1, ¥(E) ﬁC 1(E),

@1(&) ~ 1= Ca(E), ¢,(§) ~0
V(&) ~ —C5(E),  ¥,(6) ~ 1, (3.23)
where
1 3 [ -
C\(E) = Wﬁ / E(K13(6))* O(g; E) dé,

£(0:E)
G(E) = (E)Zf/ 156 J-135) 0(g; E) d&,

©?2012 The Physical Society of Japan
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5(0:E)

- = _ 20(q; E) d&.
A S0 B

In fact, in the case of the first term in the bracket in
eq. (3.19), for example,
£ =0, hpE)=0C",
Ki5€) =07, 0=o0C",
so that eq. (3.20) gives ¢ = 1 4+ O(z?), whose O(z?) term can
be discarded when multiplied by w™'/4£'/2K 3(6) = O(1).
The case of the second term in the bracket in eq. (3.19)
is a little different: Equations (3.20) and (3.25) give ¢ =
—(n/«/g)Cl(E) + O(z), whose O(z) term can again be
discarded because it is multiplied by w™'/4&'/215(&) =
O(z). Similar arguments apply to the terms in eq. (3.23).
Using eqgs. (3.6), (3.7), (3.8), and (3.23), we obtain

1/6
u"(q; E) ~ N<'>ﬁ<’;(—?)

1 T ay
x [mﬁ(l ‘s—al@*”)
1 (ﬁK(E))Z/S

C3(E) = (3.24)

(3.25)

*tras) 3

x % [1+ Ci(B)(g + 1)}, (3.26)
and
1/6
u(g; E) ~ N(l)ﬁ(@)
3611
) _%
X |:F(2/3) B (E)(l Sa, (g+ 1))
L (YakE) 213
r'4/3) 3
x {AV(E)1 — Co(E)] — C3(E)BV(E))(g + 1)}
(3.27)
using egs. (3.11), (3.12), and (3.13) instead. Then the
smooth connection of these functions at ¢ = —1 requires
that
1+ Ci(E)+ C3(E)
AV(E) = T
) V3 1 — Gy (E) ’
BYE) = . 3.28
(E) NG (3.28)

3.2.3 Connection at g = 0 to determine EELI)

Connecting the eigenfunctions in region II and III
smoothly at their boundary, g = 0, determines the 1st order
approximation of the energy eigenvalues E(V.

(a) Even states

The connection condition at g = 0, eq. (2.26) as applied
to the Ist order correction, permits simplification at

§=§0; E),
d ¢ ~
— {J1/3(f;‘)/0 §013(6)2(6)0(q E) dE’

dg
+ 11/3(5)[;

£(0;E)

£J_15(6)Z(E)0(d; E) ds’}

034003-6

= o) 0 g p©)26)0(' B &€
& 0
(Z(E) = Jr13(8)),
reducing eq. (2.26) to
AD(EYJ13(8) + 66T _2/3(6)}

+ {—C4(E) AV(E) + (1 — Co(E))BV(E)}

x {J-1/3(8) — 65J23(8)) =0,
where

(3.29)

Cu(E Lz [ T2 0: E)d
) = /0 EULs©F Og: E) dE.

The jth zero of eq. (3.29) gives y(z}) (E) to be used for the
right-hand side of eq. (2.28), the eigenvalue formula, to
determine the (2j)th eigenvalues E(zll)

(b) Odd states

For the odd states, eq. (2.27) as applied to A%Il ) is reduced
to

AD(E)13(8) + {—Ca(E) AV(E)

+ (1 — Co(E))BV(EZI_156) =0,  (3.30)

and its jth zero, y%j_l(E), determines the (2j+ 1)th
eigenvalue E(zji_l from eq. (2.28) also.
In a similar way, we can push the iteration to the higher

order.

4. Convergence Condition for the Iteration

We now discuss the convergence of the series (3.1)
generated by the iteration (3.2). If it converges uniformly
in &, the energy eigenvalues as obtained by connecting the
approximate wave functions for region II and III converge
also.

4.1 Convergence rate
Recall eq. (3.2) for the iteration,

- 1
/lg H)@; E,) = @ A
1

x A& Enw(q's En)'*dg

Gi(.€)0(ds En)

4.1
with

1
Dy = (—00,~1), &g En) = k(Ey) / wq': E)'7 dq.,
q

q
Du=(=1,0), &g En)=c(En) / (s En"2dg.
—1

Take the absolute value of (4.1) and pull A}‘” out of the
integral by taking its supremum,

|t (@E E| < sup AT E,)
e

x | 1G(EE) 10 Enlw(ds En)'*dq .

D,
Take the supremum of both sides again to obtain

sup [1\TV(& E,)| < 1 - sup |17(E E,)|
qeD; qeD;

k(Ey,)

“4.2)
with

ra=———sup | |Gi&E) Qs EDlw(q’s En)'/* dg,
K(El’l) qeD; J D;

4.3)
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which we call the convergence rate. If r,; < 1, then the
inequality (4.2) proves that the series (3.1) converges
uniformly in &.

4.2 Quick estimate

For the purpose of quick estimates of the convergence rate
(4.3), we replace |G/(&,&)| by its upper bound ¢; and pull it
out of the integral,

IQ(q E)lw(g;E)'?dq. (4.4

/ .
Tpp <1y i=

(E )
Let us prove
|G1(§,£)] <0.723,  |Gu(&, &) < 1.362,
so that ¢; = 0.723 and ¢y = 1.362.
(a) Region 1

The Green function in region I is given by eq. (2.20),
where K3 is related to the Hankel function by

Kij(8) = ”‘/“H(‘;(@ 4.5)
Using Heine’s formula,
2 . o0
H{\(i§) = = e/ / e ¥ cosh(t/3) dt,
1 0
and replacing cosh(z/3) by cosh(z/2), we obtain
o0
0 < Ky3(8) < / e 5! cosh(r/2) dr.
0
By the change of the variable of integration,
+/2&sinh(¢/2) = u, therefore
\/_e _2
0 <Ky < «/— “ du
T 1 1
— —-& _
——e =1.254 — 4.6)
2 VE N
To find a bound for
Is® = S (H e + HELGO) (4.7)
/3 1/3 1/3 .
in G(&,&), we obtain, on the one hand,
. 2 I _
|H{ 2G| = = — Ki3(8) <079 —e § (4.8)

VE

by eqgs. (4.5) and (4.6). For Hf /3(1“5) on the other, we use
Hankel’s formula,
2ie5ﬂi/1265

H{7\(8) = 7 /C lizz — 28)} /%" dz,

JAT(5/6)(2ié

in place of Heine’s, where the contour C goes along the
upper side of the half-line z = ™/ from t = oo to 0, turns
around O counterclockwise and then goes to infinity along
the lower side of the same half-line. Since |z — 2&| > /2¢
for all z € C,

f (e — 28)) Ve dz
C

00
- 271/12571/6/ t71/6efz/\/§|efni/3 —1|dr
0

21P&71°1(5/6),

034003-7

so that
|HE\(6)| ¢ =1.129 — ¢ (4.9)
i&)| < )
1/3 [ \/— «/E
Putting inequalities (4.8) and (4.9) into eq. (4.7), we obtain
&
e
0 < I 3(8) < (0.400e % + 0.565) —,
/ VE
hence
0 < I 3(8) < (0. 400e ¢ 4 0. 565) E>c¢c) (4.10)

«/E

for any ¢ > 0.

For 0<&<c¢, we use the Taylor expansion of
(2/€)'3 1, 3(8), whose terms are all positive, showing that
it is monotone increasing. Hence

o\ 173 o\ 13
(E) 1158 < <E> 11 3(c).

Applying the inequality,

&
£ <0374 5

\/g B
we obtain

0.374 11/3(6‘) Cs

Ii;3(8) < —an ﬁ

The coefficients of ef/4/€ in eqs. (4.10) and (4.11) are close

to each other at ¢ = 1.8. In fact, that for the former is 0.576
and 0.573 for the latter, so that we obtain

O<&<c). (@11

eé
0< 11/3(?;:) < 0.576 —

4.12
N (4.12)

for all £ > 0.
By the inequalities (4.6) and (4.12),

1G1(&,€)] < 0.723{e~*eT0(& — &) + efe £ 0(¢ — &)},
and hence

|G1(&,8)| < 0.723. 4.13)
Remark. We have confirmed (4.13) by estimating the
coefficients corresponding to 1.254 in (4.6) and 0.576 in
(4.12) by numerically evaluating K,3(§) and I;,3(§). They
turned out to be 1.2535 and 0.415, respectively, giving a
stronger bound:

|G1(£, &) < 0.521.

(b) Region II
The Green function in region II is given by eq. (2.22). We
use Poisson’s integral formula,'®

. (Z/Z)u i izcosf _: 2v
Ju(z) = FA/2Dr+/2) )y e sin®’ 9 do
Rev > —1/2),
to obtain
€2y _ R
[Ju()] < Fo+ D) < ITOT 1) B O<&=<o) “@14)

for any ¢ > 0. We shall determine the constant ¢ > 0
later.

©?2012 The Physical Society of Japan



J. Phys. Soc. Jpn. 81 (2012) 034003

FuLL PAPERS

H. Ezawa et al.

For & > ¢, we use the asymptotic expansion,'”

N2
H]()L)(Z) — <7.[_Z> e:‘:l(Z*T[U/sz[/ﬁl)

A/2=v,LE+m+1/2)
X{Z mIT (v + 1/2)(£2i2)" +RP}

m=0
(t=12)
with p =1,

N2
H‘()t)(z) — (m) e:l:l(zfnv/Zfrr/4)(l + R(lt)),

where
|R(1”| < 1/2—v oo e~y H2 4y
26T(v+1/2) J,
1/4 =12  1/4—1?
T T2
Hence,

| 1(®)] < max |H, ()]

2\"? 1/4— 2\ 1
=|= 1+ ——)—=
T 2¢ JVE
We determine ¢ by equating the coefficients of 1/4/Z in
(4.14) and (4.15) to obtain

Cv+1/2 2 1/2 1/4 _ UZ
- == 14—
22T'(v+ 1) (n) ( 2c >
. { 0.856 at ¢ =0.956 (v=1/3)
~ 10877 ate=0.701 (v=—1/3)

&>0. 415

Then,

0.856 (v=1/3)
Ven®l < { 0877 (v=—1/3)

holds for all £ > 0, and consequently

|G, &) < % % 0.856 x 0.877 = 1.362

(4.16)
by eq. (2.22).

Remark. We have confirmed (4.16) in a way similar to the
one for the previous Remark. We have found a stronger bound:

|Gu(§,8)] < 1.161.

5. The Case of the Potential V(x) = 2ux? + Ax*

We apply our method to calculate the eigenvalues of the
Hamiltonian,
m @

H=-— . dx2+2ux + ax?

and to compare the results with those from the perturbation
theory, which is known to give series divergent how small A is.

(n, 4 >0), (5.1

5.1 Normal form of the equation
By putting x = ary with o* = 1%/(4mpu), the Schrodinger
equation (2.1) for (5.1) is turned into a normal form,

d? y
{ a2 +y +ey }u(y) = Eu(y),

034003-8

where
E:E-h\/E = me
m’ h ’
Then, w and « in (2.5) and (2.6) turn out to be
4Ee
w(q; E) = - 4
@B = vaEo 7+ 17 ¢
2 2
Farargr el 62
(2 172
k(E) = <~—2) . (5.3)
(1+4Ee)'? +1

5.2 Energy eigenvalues
5.2.1 Oth order approximation

The integral on the left-hand side of the eigenvalue
formula (2.28) becomes

/0{ 4Ee 4

1 - = q

. {(1 +4Ee)'/? 4+ 1)?
(1 +4Ee)' 2 +1

) 12
612} dg

1 T 1+4Ee)'/? + 1 T
=~ ez EG 1) + i PG,
3k (Ee) 2 6k (E€)
where

0
E(p, k) = / V1 — k2 sin® 6do,
0

¢ do
F(Qﬂ,k)=/ e
0 V1 —k?sin“6

are the Legendre—Jacobi elliptic integrals and

) 2Ee
(1 4+4Ee)'?{(1 +4Ee)'? + 1}

Therefore, eq. (2.28) for the lowest order approximation of
the ground-state energy E0 turns out to be

G T G )

—0.880 167 1 (5.4)

with the right-hand side given by eq. (3.17). The energy
eigenvalues Ego) obtained by solving eq. (5.4) for € =
0.01,0.1, 1 are given in Table I together with those in the 1st
order approximation to be calculated below.

To get the energy E = E\” of the first excited state,
we have only to replace the right-hand side of (5.4) by
2.383447 from eq. (3.18). The results for the same €’s
are given in Table II together with the 1st order approxima-
tion.

5.2.2  Ist order approximation

In contrast to the case of the Oth order, the right-hand side
of the eigenvalue formula (5.4) is not constant but functions,
¥, (E), of E determined as the zeros of egs. (3.29) or (3.30),
which we calculate numerically.

The results £V for the ground and the 1st excited states
are given in Tables I and II, and are compared with the
results from perturbation theory and the exact ones by
Milne’s numerical method.?
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Table I. The energy eigenvalues Eg") for the ground state in the Oth (v = 0) and the 1st order (v = 1) approximation. Also listed for reference are Eﬁ;j;m
obtained by the Oth and the 1st order perturbation theory, and Egcwe by Milne’s method. The figures in brackets are the relative errors,

|E8}) - EO,exactVEO,exact-

€

0.01 0.1 1
EY 1.125 336 (0.117 099) 1.164 504 (0.093 138) 1.426 228 (0.024 330)
ED 1.014 169 (0.006 745) 1.070 058 (0.004 480) 1.392 577 (0.000 162)
EQ)e 1.000 000 (0.007 320) 1.000 000 (0.061 284) 1.000 000 (0.281 791)
E)en 1.007 500 (0.000 125) 1.075 000 (0.009 120) 1.750 000 (0.256 866)
Eo exact 1.007 374 1.065 285 1.392 352

(v)

Table II. The energy eigenvalues E(l“) for the first excited state in the Oth and the 1st order approximation, and corresponding E Lpert and E1 exact for

reference.
€
0.01 0.1 1
EO 3.068 521 (0.010 537) 3.326 367 (0.005 895) 4.657 326 (0.001 831)
EW 3.036 813 (0.000 095) 3.306 952 (0.000 024) 4.648 837 (0.000 005)
EQ.. 3.000 000 (0.012 029) 3.000 000 (0.092 798) 3.000 000 (0.354 674)
E) 3.037 500 (0.000 321) 3.375 000 (0.020 602) 6.750 000 (0.451 984)
El exact 3.036 525 3.306 872 4.648 813
A 1st
335 Oth
1st exact
330F """ S L
0th 3.25[ 1st excited state
305 \ 1st exact _1st \7 o 300l
3.00 .
1st excited state 3.5
2.95
3.10f
>
o S
(0] A o A
c N NS Oth
S Oth o Oth -
1.10 115}
1.05 18t exact st ot 1101 1st  exact _ st
1.00F """ T —_— T —— = 105 T\
Ground state Ground state Oth
Ours Perturbation Ours Perturbation

(@)

(b)

Fig. 2. The energy eigenvalues E, for the ground and the 1st excited states in the cases of (a) € = 0.01 and (b) € = 0.1. Comparison is made of our results,

those by perturbation theory and the exact ones by Milne’s numerical method.

Comparison is also made in Fig.2 for the cases of (a)
€ = 0.01 and (b) € = 0.1, which shows how good our results
are; the comparison favors our method the better for the
larger €, and in fact already for € = 0.1. For € = 0.01 in
particular, our Ef)o) looks poorer than Ef)(’)llert, but they should
not be compared to each other, because our Ej’ is for
0 =0, or Q=—(5/36)/¢%, and not for Q appropriate to
V = y? + ey* with € = 0, for which V one calculates Eg?;en.
Our E'“ approaches from different beginning at o = 0 to the
true E, after Q is fully incorporated.

Our approximation gets better as the higher the excited
states we go. Moreover, we shall see in the next subsection
that our iteration series (3.1) for the eigenfunctions u,(x)
converge uniformly in x, irrespective of the magnitude of A,
while the perturbation series is known to diverge®> how

small A is.

034003-9

5.3 Convergence proof for V(x) = 2ux* + Ax*

Let us prove the convergence of our iteration series (3.1)
for the ground and the Ist excited states in the present case
of the Hamiltonian (5.1) by showing that the convergence
rate, r;, in eq. (4.4), are less than 1 significantly indeed for
n=0,1and /=1, IL

To calculate the integral in eq. (4.4), we have to know the
value of E, = /m/wE,/h. We may use the approximate
values for E, obtaind in the previous subsection. But, here
let us proceed in other way by finding a region it belongs to,
narrow enough for estimating r/,.

First, we consider the ground state, and find a lower bound
of its energy eigenvalue. Since, for any ¢ > 0,

2
2;1,)52 + x> Z;wxz — % (c — 1)2 (5.5)
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holds for all x, we consider the Hamiltonian of harmonic
oscillator,

1 d?

H=-2<
2m dx2

2
V@), V() =2uced — “7 (c =17,

whose lowest energy eigenvalue is known,

N T S

Ey=h/te—"re—1)
e e — e — 1),
4e\ m

Take the exact ground-state eigenfunction uy(x) (normal-
ized) of our Hamiltonian H given in (5.1). Then

(5.6)

Eo = (uo, Hup) > (uo, H'up) > Ej,

the middle inequality holding by (5.5) and the right-most one
by the variation principle. We maximize Ej, in eq. (5.6) by
varying c. The solution ¢, of dEj,/dc = 0 or

cJe—Ac—e=0

gives the maximum of Eb, so that we have the lower bound
for Ey,

(5.7)

3cc+ 1 5 N
> —.
0 4./c, m
To find an upper bound, we take the ground-state
eigenfunction,

— 1/4 —
vo(x) = (2 n’;im) exp(— %f),

E

of the harmonic oscillator

[
H//:—%@—‘FV (.X),

Then, we obtain the upper bound,

Ey < (vy, Hvg) = ﬁ\/E—i- A (x*vg, vo)
m

3 W
=[(14+=-€)h,/—.
Thus, in terms of Eq = Eo/h/t/m, we have

321/—;51 < Eo < 1+%e,
where ¢, > 0 is the solution of (5.7).

The bounds for £; can be obtained similarly. Note that the
variation principle says that E; < (u, Hu) provided u L uy.
But, we know that the first excited state has an antisym-
metric eigenfunction and such functions are orthogonal to
up. Therefore, we can apply the variation principle to the 1st
excited state by confining the test functions to be antisym-
metric.

The bounds thus obtained for € = 0.01,0.1, 1 are shown in
Table III.

Let us explain the calculation of r{; in the case of € = 0.01
for example. For the lower bound E = 1.0025 in Table III,
egs. (5.2) and (5.3) give

w(gq; E) = 0.009 829 ¢* +0.990 171 ¢* — 1,
k(E) = 0.997 561.

Since the cancellation that happened in eq. (2.15) is too

V"'(x) = 2ux’.

(5.8)
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Table III.  Upper and lower bounds for Ey and E;.

Lower bound Upper bound Lower bound Upper bound

for E, for E, for E, for E,
0.01 1.002 5 1.007 5 0.01 3.0222 3.037 5
0.1 1.023 8 1.0750 0.1 3.198 6 33750
1 1.182 2 1.750 0 1 42100 6.750 0

subtle for computer to perform the integration in eq. (4.4),
we use the asymptotic formula due to eq. (2.15),

s 1
0(g. E) ~ ~0.030 226 ——.

—1—q
for —1.01 < g < —1. Then, we obtain
0.723 -101
0.997 561 : E)|w(g; B)'/*dg = 0.051,
0.997 561 /_w 10(g; B)lw(g; E)"* dg
0.723 ~10.030 226
. E)'/2dg = 0.004,
0.997 561/_,_01 B w(g; ) dg

so that

r(E) = 0.051 + 0.004 = 0.055 (5.9)

for £=1.0025. We have written unnecessarily large
number of digits for «(E), just for identification.

In the same way, we calculate r;,l(f?) (n=20,1) for the
upper and lower bounds for ¢ = 0.01,0.1, 1 and / = I, IT with
the results given in Table IV, showing that 7/, is sufficiently
small for the iteration series (3.1) to converge in all the cases.

Moreover, we plot 7/ ,(E, exaet) (n = 0, 1;1 = 1, TI) in Fig. 3
for an extended range of €, that is, 0.001 < e < 20000,
where we have used E, exaer instead of its bounds. From
these, we see that the convergence rate is far less than 1 for
any € > 0 guaranteeing the convergence of (3.1) however
large 1 may be. As expected, 7/, approaches to that for the
monomial potential V(x) = 2ux*> as € — 0 and to that for
V(x) = Ax* as € > 0.

Remark. For V(x) = 2ux?,

Yy =0.060 0, ry = 02405,

Y =0.0200, ., =0.0802,
and for V(x) = x4,

K =0.1032, rly = 02032,

K =00396, ., =00780.

The results show r|; < rj, mainly due to «(E;) > «(Ep),
indicating that our method gives better results for the excited
state.

6. Discussion

We have proposed a new method for solving the
Schrodinger eigenvalue problem for the anharmonic oscil-
lator having the potential V(x) — oo as x — 00, which we
assume for the sake of simplicity to be symmetric
V(—x) = V(x) and to have two turning points. We use the
Liouville transformation and a systematic iteration proce-
dure for eigenfunctions u,(x). A criterion has been
established for convergence of the iteration uniform in x.
The eigenvalues are extraced from the eigenfunctions so that
the uniform convergence of the eigenfunctions implies the
convergence of the eigenvalues in contrast to the divergence
the perturbation theory gives no matter how small A is.
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Table IV. r(, and r|, for the upper and the lower bounds in Table III

€ rg; for lower bound ry; for upper bound ry; for lower bound ry; for upper bound
0.01 0.055 0.055 0.017 0.017
0.1 0.047 0.044 0.017 0.017
1 0.074 0.058 0.033 0.024

€ ron for lower bound ron for upper bound riy for lower bound riy for upper bound
0.01 0.233 0.232 0.073 0.073
0.1 0.184 0.173 0.043 0.040
1 0.072 0.046 0.034 0.029

For Iy
-0.02
‘ ‘ . log € . ! . ‘ \ .
2 4 o 1 2 S o 1 2 3 a4 -°9¢&
(a) (b)
Fig. 3. ry and r}; (I =1, II) as functions of €. The difference in magnitudes between (a) r;, and (b) r{, is mainly due to the difference between «(Ey) and

K(El).

For the purpose of comparing with the perturbation
theory, we have applied our method to the case with the
potential, V(x) = 2ux? + Ax* (A, u > 0).

Our method gives a good approximation to the eigenva-
lues even in the first iteration, in fact better than the first
order perturbation theory for the large A, and in fact already
for A > (4y/mu3/h) x 0.1. The approximation by our
method gets better, the higher the excited states we deal
with (see Fig.2 and Tables I and II). The uniform
convergence of our iteration series is established irrespective
of the magnitude of A. It is remarkable that the speed of
convergence is greater for some value of 1 as shown in
Fig. 3. It is true that our method is more complicated than the
perturbation theory at least in the lower order of approxima-
tion. But, this is a price to pay for the convergent results.

Our method has a much wider applicability, as we show in
the papers to follow.

There are two interesting problems we have left for future
studies. One concerns those singularities of the energy
eigenvalues as a function of A, the coefficient of the x* term
of the potential, whose existence is implied by the
divergence of the perturbation series. The problem is to
find out where the singularities are hidden in our converging
series. The other problem is the choice available among
different Green functions which we have noticed in §2.2. As
we shall show in the paper to follow, they give equally good
iteration solutions, but it is interesting that the convergence
rates of the iteration are different depending on the Green
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functions we use. There are cases in which the iteration
series converge with some of the Green functions but may
not with others.
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