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A new method is presented for solving the Schrödinger eigenvalue problem for anharmonic oscillators, using the
Liouville transformation and a systematic iteration procedure. The Liouville transformation changes the potential V in
the original eigenvalue equation to Q, which is highly singular. But, the singularity can be softened by rewriting the
basic equation. We turn the equation into an integral equation and solve it by iteration. A simple criterion is established
for the convergence of the iteration series. Our method is tested on the model of 2�x2 þ �x4 potential (�; � > 0) for
the purpose of comparing it with the perturbation theory. Most remarkably, our method gives iteration series for the
eigenfunctions unðxÞ, converging uniformly in x irrespective of the magnitude of � , implying the convergence for the
eigenvalues also, while the perturbation theory is known to give divergent series no matter how small � is. Our method
gives very good results for eigenvalues already at the first iteration, the better for the higher excited states.
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1. Introduction

There have been continued efforts to develop approxima-
tion methods for solving the Schrödinger eigenvalue
problem for the anharmonic oscillator with potential
2�x2 þ �x4: numerical solution1) by Milne’s method;2) the
perturbation method3–6) and the WKB method7–9) both with
series diverging but asymptotic and Borel summable; the
so-called variational Sturmian approximation;10,11) and
asymptotic iteration method12) whose convergence has not
been examined yet.

We would like to add one more method based on the
Liouville transformation, which gives a convergent iteration
series, at least to the model we consider as a touchstone. It
is true that the eigenvalues can be obtained numerically
by Milne’s method easily and to an arbitrary degree of
approximation, and then the eigenfunctions likewise by
numerically solving Schrödinger equation for the eigenva-
lues so obtained, but it is certainly useful to have simple
analytic expressions for the eigenfunctions to a good
approximation.

We shall present our method in x2 for a one-dimensional
Schrödinger equation with a potential V ðxÞ which grows
to þ1 as x ! �1, and is in addition assumed to be
symmetric for the sake of simplicity. We use the Liouville
transformation with singularities of the transformed potential
softened significantly by rewriting the basic equation. We
convert the equation to an integral equation, which we solve
by iteration in x3, establishing in x4 a sufficient condition for
its convergence, uniform in x. The eigenvalues are extracted
from the eigenfunctions, so that the uniform convergence of
the eigenfunctions implies the convergence for the eigenva-
lues.

The use of the Liouville transformation makes our
eigenfunctions look like the ones in the WKB approxima-

tion, but it is different because firstly it is not an expansion in
powers of }, and moreover gives a convergent series at least
for the models, one presented below and the others to be
treated in the paper to follow, in contrast to the divergent one
in the WKB approximation,7,8) and secondly it does not use
asymptotic approximation in any sense in connecting the
eigenfunctions at the turning points nor at the center of
symmetry of the potential.

In x5, our method is applied to the case of V ðxÞ ¼
2�x2 þ �x4 (�; � > 0) for the sake of comparing it with the
perturbation theory taking �x4 as perturbation. We find that
our method gives the better approximation to the eigenva-
lues already in the first approximation than the perturbation
theory does except for the case of the ground state with very
small � . Our method gives the better approximation to the
higher excited states. We shall establish moreover that
our iteration series for the eigenfunctions unðxÞ converge
uniformy in x irrespective of the magnitude of � , while
the perturbation series is known to diverge6) and is only
asymptotic for � ! 0. Some discussions are given in the
final section.

2. Liouville Transformation and the Connection
Conditions

We present a new approximation method for solving the
Schrödinger eigenvalue problem,

� }
2

2m

d2

dx2
þ V ðxÞ

� �
uðxÞ ¼ EuðxÞ

ð�1 < x < 1Þ ð2:1Þ
in one-dimension, in which the potential V ðxÞ is assumed,
for the sake of simplicity, to be symmetric,

V ð�xÞ ¼ V ðxÞ; ð2:2Þ
bounded below, to grow to1 as x ! �1, and to have only
two turning points, x ¼ �a,

V ð�aÞ ¼ E; ð2:3Þ�E-mail: hiroshi.ezawa@q.email.ne.jp
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for the energy eigenvalue E concerned. We divide the
x-axis into four regions as shown in Fig. 1. The symmetry
(2.2) of our potential allows us to restrict our attention to
region I and II when studying the eigenvalue problem
with the eigenfunctions being extended to region III and
IV by its symmetry (even parity) or antisymmetry (odd
parity).

We change the scale by

x ¼ aq

for uðxÞ ¼ ulðq;EÞ with the suffix l distinguishing the
regions (l ¼ I, II). Then eq. (2.1) becomes

d2

dq2
� �ðEÞ2wðq;EÞ

� �
ulðq;EÞ ¼ 0; ð2:4Þ

where

wðq;EÞ ¼ V ðaðEÞqÞ
E

� 1

���� ����; ð2:5Þ

�ðEÞ ¼ 2maðEÞ2
}
2

E

� �1=2

: ð2:6Þ
Here and in the following also, the upper sign is for region I
and the lower sign for region II. Since the scale a depends on
E by eq. (2.3), it is denoted by aðEÞ in eqs. (2.5) and (2.6).
The parameter E may be suppressed when there is no danger
of confusion.

2.1 Liouville transformation
The Liouville transformation13) is defined as u 7! � and

q 7! � by

ulðq;EÞ ¼ wðq;EÞ�1=4�lð�;EÞ ð2:7Þ
and

�ðq;EÞ ¼ �ðEÞ�ðq;EÞ;
�ðq;EÞ ¼ �

Z q

�1

wðq0;EÞ1=2 dq0: ð2:8Þ

Then, eq. (2.4) becomes

d2

d�2
� 1

� �
�lð�;EÞ ¼ 1

�ðEÞ2 Qðq;EÞ�lð�;EÞ; ð2:9Þ

where

Qðq;EÞ ¼ � 5

16

1

wðq;EÞ3
dwðq;EÞ

dq

� �2

þ 1

4

1

wðq;EÞ2
d2wðq;EÞ

dq2
: ð2:10Þ

The function (2.10) in our basic equation (2.9) is singular
at the turning point q ¼ �1, or the boundary between region
I and II where wðq;EÞ ¼ 0. We shall show that this
singularity can be softened significantly14) by adding
(5/36)(1=�2) to Qðq;EÞ.

To show this, we examine the behavior of Qðq;EÞ in the
neighborhood of the turning point q ¼ �1 using the Taylor
expansion,

1� V ðaqÞ
E

¼ a1ðqþ 1Þ þ a2ðqþ 1Þ2 þ a3ðqþ 1Þ3 þ � � � :

The coefficients ai depend on E, though suppressed. We
have

wðq;EÞ ¼ �fa1ðqþ 1Þ þ a2ðqþ 1Þ2
þ a3ðqþ 1Þ3 þ � � �g; ð2:11Þ

which leads to

Qðq;EÞ ¼ �
�

5

16a1

1

ðqþ 1Þ3 �
3a2
16a21

1

ðqþ 1Þ2

þ �9a1a3 þ 6a22
16a31

1

qþ 1
þ � � �

�
: ð2:12Þ

On the other hand

� ¼ �
Z �1

q

wðq0;EÞ1=2 dq0

¼ 2a1=21

3
f�ðqþ 1Þg3=2

�
1þ 3a2

10a1
ðqþ 1Þ

þ 12a1a3 � 3a22
56a21

ðqþ 1Þ2 þ � � �
�

ð2:13Þ

and therefore

5

36

1

�ðq;EÞ2 ¼ �
�
� 5

16a1

1

ðqþ 1Þ3 þ
3a2
16a21

1

ðqþ 1Þ2

þ 75a1a3 � 66a22
560a31

1

qþ 1
þ � � �

�
: ð2:14Þ

Adding eqs. (2.12) and (2.14), we get

~Qðq;EÞ :¼ Qðq;EÞ þ 5

36

1

�ðq;EÞ2

¼ ��15a1a3 þ 9a22
35a31

1

qþ 1
þ � � � ; ð2:15Þ

which is now free from the first two singularities in the curly
bracket in eq. (2.12), but still has the singularity of order
1=ðqþ 1Þ.

2.2 Integral equations
Using ~Qðq;EÞ in eq. (2.15) with softened singularity, we

rewrite eq. (2.9) as

d2

d�2
� 1þ 5

36

1

�2

� �
�lð�;EÞ

¼ 1

�ðEÞ2
~Qðq;EÞ�lð�;EÞ; ð2:16Þ

which is the basic equation we are going to solve under the
boundary condition,

�Ið�;EÞ ! 0 as � ! 1; ð2:17Þ
and smooth connections of uIðq;EÞ and uIIðq;EÞ at their
boundary, q ¼ �1, and uIIðq;EÞ and uIIIðq;EÞ at q ¼ 0.

-a aO

V

E
region I II III IV

x = aq

Fig. 1. The potential V ðxÞ and the regions of the x-axis.
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Put

�lð�;EÞ ¼ �1=2Zlð�;EÞ:
Then, eq. (2.16) becomes

d2

d�2
þ 1

�

d

d�
� 1� 1

32
1

�2

� �
Zlð�;EÞ

¼ 1

�ðEÞ2
~Qðq;EÞZlð�;EÞ: ð2:18Þ

If ~Q were 0, then this would be the equation for the Bessel
function of order �1=3, its solutions being

ZIð�Þ ¼
K1=3ð�Þ
I1=3ð�Þ

�
in region I;

ZIIð�Þ ¼
J1=3ð�Þ
J�1=3ð�Þ

�
in region II:

We convert the differential equation (2.18) into integral
equation in the respective regions.

(a) Region I
For region I, taking the boundary condition (2.17) into

account, we have

�Ið�;EÞ ¼ �1=2K1=3ð�Þ

þ 1

�ðEÞ2
Z 1

0

GIð�; �0Þ ~Qðq0;EÞ�Ið�0;EÞ d�0; ð2:19Þ

where the Green function is given by

GIð�; �0Þ ¼ �ð��0Þ1=2fK1=3ð�ÞI1=3ð�0Þ�ð�� �0Þ
þ I1=3ð�ÞK1=3ð�0Þ�ð�0 � �Þg ð2:20Þ

and Z 1

0

� � � d�0 ¼
Z �1

�1
� � � �ðEÞwðq0;EÞ1=2 dq0

with �0 ¼ �ðq0;EÞ defined by eq. (2.8). In terms of q0, the inte-
gral (2.19) converges at the turning point, due to the Jacobian
wðq0;EÞ1=2 canceling the singularity of ~Qðq0;EÞ partially.

(b) Region II
For region II also, we have the integral equation,

�IIð�;EÞ ¼ �1=2fAðEÞJ1=3ð�Þ þ BðEÞJ�1=3ð�Þg

þ 1

�ðEÞ2
Z �ð0;EÞ

0

GIIð�; �0Þ ~Qðq0;EÞ�IIð�0;EÞ d�0:

ð2:21Þ
The upper limit �ð0;EÞ of the integral in eq. (2.21) is defined
by eq. (2.8) with q ¼ 0, so thatZ �ð0;EÞ

0

� � � d�0 ¼
Z 0

�1

� � � �ðEÞwðq0;EÞ1=2 dq0

with the integral converging at the turning point as above
due to wðq0;EÞ1=2.

We have candidates for the Green function,

GA
IIð�; �0Þ ¼ � �ffiffiffi

3
p ð��0Þ1=2fJ�1=3ð�ÞJ1=3ð�0Þ�ð�� �0Þ

þ J1=3ð�ÞJ�1=3ð�0Þ�ð�0 � �Þg; ð2:22Þ
GB

IIð�; �0Þ ¼
�ffiffiffi
3

p ð��0Þ1=2fJ1=3ð�ÞJ�1=3ð�0Þ�ð�� �0Þ

þ J�1=3ð�ÞJ1=3ð�0Þ�ð�0 � �Þg; ð2:23Þ
and their linear combinations,

G	
IIð�; �0Þ ¼ 	GA

IIð�; �0Þ þ ð1� 	ÞGB
IIð�; �0Þ

ð0 � 	 � 1Þ; ð2:24Þ
all of which must give the same �II as long as eqs. (2.19)
and (2.21) give the solutions (2.7) connected smoothly at
q ¼ �1 and 0.

We choose here GIIð�; �0Þ ¼ GA
IIð�; �0Þ as the Green

function in region II.

Remark. We shall show in the paper to follow that, in the
case of V ðxÞ ¼ �x2k, the maximum of 2k for the iteration to
converge depends on the choice of the Green function in
region II.

2.3 Connection conditions
The coefficients AðEÞ and BðEÞ in eq. (2.21) are

determined by the condition that the solutions ulðq;EÞ ¼
Nwðq;EÞ�1=4�lð�;EÞ in the regions l ¼ I and II are
connected smoothly at their boundary � ¼ 0 (q ¼ �1),
where N is the normalization constant.

The energy eigenvalue E is determined by the condition
that the solutions ulðq;EÞ in the regions l ¼ II and III are
connected smoothly at their boundary � ¼ �ð0;EÞ (q ¼ 0),
or equivalently, due to our symmetry assumption (2.2),
by

d

dq
fwðq;EÞ�1=4�IIð�;EÞg

����
�¼�ð0;EÞ

¼ 0 ðeven stateÞ;

wðq;EÞ�1=4�IIð�;EÞ
����
�¼�ð0;EÞ

¼ 0 ðodd stateÞ;
ð2:25Þ

where the even states are the states of even parity with
symmetric eigenfunctions, uð�q;EÞ ¼ uðq;EÞ, and the odd
states of odd parity with antisymmetric eigenfunctions,
uð�q;EÞ ¼ �uðq;EÞ.

But, we have

dwðq;EÞ
dq

����
�¼�ð0;EÞ

¼ 0;

because dV ðxÞ=dx ¼ 0 at x ¼ 0 by our symmetry assumption
(2.2) on V ðxÞ, so that the connection condition (2.25) for the
even states becomes

d�IIð�;EÞ
d�

¼ 0 ð2:26Þ

at � ¼ �ð0;EÞ, while for the odd states,

�IIð�;EÞ ¼ 0 ð2:27Þ
at � ¼ �ð0;EÞ. Thus, order the solutions � of eqs. (2.26) and
(2.27) according to their magnitudes, and call them 
nðEÞ
(n ¼ 0; 1; . . .). Then, we get the equation, �ð0;EÞ ¼ 
nðEÞ,
for the energy eigenvalue E ¼ En, that is,

�ðEÞ
Z 0

�1

1� V ðaðEÞqÞ
E

� �1=2

dq ¼ 
nðEÞ: ð2:28Þ

We call eq. (2.28) the eigenvalue formula.

3. Iteration

We construct the solutions �lð�;EÞ to eqs. (2.19) and
(2.21) by iteration,

�lð�;EÞ ¼ lim
�!1

�ð�Þ
l ð�;EÞ with
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�ð�Þ
l ð�;EÞ ¼

X�
�¼0

� ð�Þ
l ð�;EÞ; ð3:1Þ

which are determined, in the respective regions, successively
by

� ð�þ1Þ
l ð�;EÞ ¼ 1

�ðEÞ2
Z
�l

Glð�; �0Þ ~Qðq0;EÞ � ð�Þ
l ð�0;EÞ d�0

ðl ¼ I, II; � ¼ 0; 1; . . .Þ
ð3:2Þ

with GI for region I given by eq. (2.20) and GII ¼ GA
II

for region II by eq. (2.22). The domains of integrations
are

�l ¼
½0;1Þ ðl ¼ IÞ
½0; �ð0;EÞ� ðl ¼ IIÞ:

�
The convergence of the infinite series (3.1) will be examined
in x4.

The 0th order solutions, �ð0Þ
l ð�;EÞ ¼ � ð0Þ

l ð�;EÞ, are
obtained by putting ~Q ¼ 0 in eqs. (2.19) and (2.21),

�ð0Þ
I ð�;EÞ ¼ �1=2K1=3ð�Þ;

�ð0Þ
II ð�;EÞ ¼ �1=2fAðEÞJ1=3ð�Þ þ BðEÞJ�1=3ð�Þg: ð3:3Þ

The coefficients, AðEÞ ¼ Að�ÞðEÞ and BðEÞ ¼ Bð�ÞðEÞ in
eqs. (2.21) and (3.3), vary with the order � at which the
iteration is approximately terminated, because these coeffi-
cients are determined by connecting the approximate
eigenfunctions,

uð�Þl ðq;EÞ ¼ Nð�Þwðq;EÞ�1=4�ð�Þ
l ð�; EÞ

in region I and region II smoothly at their boundary � ¼ 0

(q ¼ �1). The energy eigenvalues, E ¼ Eð�Þ
n , are determined

by eq. (2.28) with 
nðEÞ ¼ 
ð�Þ
n ðEÞ, the approximate zeros

of (2.26) or (2.27) for �IIð�;EÞ ¼ �ð�Þ
II ð�;EÞ. The coeffi-

cient Nð�Þ is determined by normalization of the eigenfunc-
tion,

2

Z �a

�1
juð�ÞI ðx;Eð�ÞÞj2 dxþ 2

Z 0

�a

juð�ÞII ðx;Eð�ÞÞj2 dx ¼ 1

ðx ¼ aqÞ:

3.1 0th order approximation
If we terminate the iteration at the 0th order � ¼ 0, the

approximate eigenfunctions in region I and II are given by
eq. (3.3),

uð0ÞI ðq;EÞ ¼ Nð0Þfwðq;EÞg�1=4�1=2K1=3ð�Þ;
uð0ÞII ðq;EÞ ¼ Nð0Þfwðq;EÞg�1=4�1=2fAð0ÞðEÞJ1=3ð�Þ

þ Bð0ÞðEÞJ�1=3ð�Þg: ð3:4Þ

3.1.1 Connection at q ¼ �1 to determine Að0ÞðEÞ and
Bð0ÞðEÞ

We have to connect uð0ÞI ðq;EÞ in region I and uð0ÞII ðq;EÞ in
region II smoothly at q ¼ �1 by adjusting Að0ÞðEÞ and
Bð0ÞðEÞ.

(a) Region I
In the neighborhood of q ¼ �1, we put

q ¼ �1� z ð0 � z 	 1Þ: ð3:5Þ
From eq. (2.11), we get

wðq;EÞ�1=4 ¼ ða1zÞ�1=4 1þ a2
4a1

zþ � � �
� �

; ð3:6Þ

and from eq. (2.13)

�ðq;EÞ1=2 ¼
ffiffiffi
2

3

r
�ðEÞ1=2a1=41 z3=4 1� 3a2

20a1
zþ � � �

� �
: ð3:7Þ

Since

K1=3ð�Þ ¼ �ffiffiffi
3

p
�ð2=3Þ

ffiffiffiffiffi
a1

p
�ðEÞ
3

� ��1=3

z�1=2 1þ a2
10a1

z

� �
� �ffiffiffi

3
p

�ð4=3Þ
ffiffiffiffiffi
a1

p
�ðEÞ
3

� �1=3

z1=2 þOðz3=2Þ; ð3:8Þ
the eigenfunction (3.4) in region I behaves as a function of
z ¼ �ð1þ qÞ as

uð0ÞI ðq;EÞ 
 Nð0Þ�ðEÞ1=2
ffiffiffi
2

3

r
1þ a2

10a1
z

� �
�

(
�ffiffiffi

3
p

�ð2=3Þ
ffiffiffiffiffi
a1

p
�ðEÞ
3

� ��1=3

1þ a2
10a1

z

� �

� �ffiffiffi
3

p
�ð4=3Þ

ffiffiffiffiffi
a1

p
�ðEÞ
3

� �1=3

zþOðz2Þ
)
: ð3:9Þ

(b) Region II
In the neighborhood of q ¼ �1, we put

q ¼ �1þ z ð0 � z 	 1Þ: ð3:10Þ
Since

wðq;EÞ�1=4 ¼ ða1zÞ�1=4 1� a2
4a1

zþ � � �
� �

; ð3:11Þ

�ðq;EÞ1=2 ¼
ffiffiffi
2

3

r
�ðEÞ1=2a1=41 z3=4 1þ 3a2

20a1
zþ � � �

� �
;

ð3:12Þ
and

J�1=3ð�Þ ¼ �

2

� ��1=3
1

�ð1� 1=3Þ þOð�2Þ
� �

; ð3:13Þ

the eigenfunction (3.4) in region II behaves as

uð0ÞII ðq;EÞ 
 Nð0Þ�ðEÞ1=2
ffiffiffi
2

3

r
1� a2

10a1
z

� �
�

(
Bð0ÞðEÞ
�ð2=3Þ

ffiffiffiffiffi
a1

p
�ðEÞ
3

� ��1=3

1� a2
10a1

z

� �

þ Að0ÞðEÞ
�ð4=3Þ

ffiffiffiffiffi
a1

p
�ðEÞ
3

� �1=3

zþOðz2Þ
)
: ð3:14Þ

Note the difference in sign of z between eqs. (3.5) and
(3.10). Then the smooth connection of eqs. (3.9) and (3.14)
as function of q requires that

Að0ÞðEÞ ¼ Bð0ÞðEÞ ¼ �ffiffiffi
3

p ; ð3:15Þ

irrespective of E.

3.1.2 Connection at q ¼ 0 to determine Eð0Þ
n

Smooth connection of the eigenfunctions in region II and
III at q ¼ 0 determines the 0th order approximation of the
eigenvalues E ¼ Eð0Þ

n .
(a) Even states
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Equation (2.26) on (3.3) with (3.15) becomes

d

d�
f�1=2J1=3ð�Þ þ �1=2J�1=3ð�Þg ¼ 0;

or equivalently

fJ1=3ð�Þ þ 6�J�2=3ð�Þg þ fJ�1=3ð�Þ � 6�J2=3ð�Þg ¼ 0 ð3:16Þ
by the formulas,

d

d�
f�1=3J1=3ð�Þg ¼ �1=3J�2=3ð�Þ;

d

d�
f�1=3J�1=3ð�Þg ¼ ��1=3J2=3ð�Þ:

The jth zero of eq. (3.16), 
nðEÞ (n ¼ 2j), is independent
of E, so that it is written as 
ð0Þ

2j with the superscript
(0) indicating the 0th order approximation and the sub-
script 2j the order of the excited states. They are found to
be


ð0Þ
0 ¼ 0:880 167 1;


ð0Þ
2 ¼ 3:945 062;


ð0Þ
4 ¼ 7:078 484; � � � : ð3:17Þ

These values, we note, are universally good for any
potentials V ðxÞ and are independent of E in addition. [The
higher order 
ð�Þ

n ’s (� � 1) depend on E.] The corresponding
energy eigenvalues E ¼ Eð0Þ

2j are given by eq. (2.28), the
eigenvalue formula, with 
nðEÞ ¼ 
ð0Þ2j .

(b) Odd states
Equation (2.27) on (3.3) with (3.15) is

J1=3ð�Þ þ J�1=3ð�Þ ¼ 0;

whose jth zero � ¼ 
ð0Þ
n (n ¼ 2jþ 1) are given by


ð0Þ
1 ¼ 2:383 447;


ð0Þ
3 ¼ 5:510 196;


ð0Þ
5 ¼ 8:647 358; � � � : ð3:18Þ

These values are again universally good for any potentials

V ðxÞ and are independent of E. They determine the energy

eigenvalues E ¼ Eð0Þ
2jþ1 by eq. (2.28), the eigenvalue for-

mula, with 
nðEÞ ¼ 
ð0Þ
2jþ1.

3.2 1st order approximation
We push the approximation one step further.

3.2.1 Wave functions to the first order
We terminate the iteration series (3.1) at the first order

� ¼ 1.

(a) Region I
The first order contribution,

� ð1Þ
I ð�;EÞ ¼ 1

�ðEÞ2
Z 1

0

GIð�; �0Þ ~Qðq0;EÞ �01=2K1=3ð�0Þ d�0;

from eq. (3.2) with � ¼ 0 gives the approximate eigenfunc-
tion in region I,

uð1ÞI ðq;EÞ ¼ Nð1Þwðq;EÞ�1=4�1=2fK1=3ð�Þ’ð�Þ þ I1=3ð�Þ¼ð�Þg
ð3:19Þ

with

’ð�Þ ¼ 1� 1

�ðEÞ2
Z �

0

�0I1=3ð�0ÞK1=3ð�0Þ ~Qðq0;EÞ d�0;

¼ð�Þ ¼ � 1

�ðEÞ2
Z 1

�

�0fK1=3ð�0Þg2 ~Qðq0;EÞ d�0: ð3:20Þ

The integrations here can be carried out in terms of q0 using
the relation (2.8). To evaluate the integrals, we have to rely
on numerical calculations. Though the singularity of ~Q
mentioned in x2 is suppressed partially by the Jacobian
d� ¼ �w1=2dq to make the integral converge, special
attention is paid to treat it by the double exponential
formula.15) We shall not repeat these remarks which apply to
the similar integrals to follow.

(b) Region II
The first order contribution,

� ð1Þ
II ð�;EÞ ¼

1

�ðEÞ2
Z �ð0;EÞ

0

GIIð�; �0Þ ~Qðq0;EÞ �01=2

� fAðEÞJ1=3ð�0Þ þ BðEÞJ�1=3ð�0Þg d�0;
from eq. (3.2) with � ¼ 0 gives the first order approximation
for the eigenfunction in region II [the series (3.1) terminated
at � ¼ 1],

uð1ÞII ðq;EÞ ¼ Nð1Þwðq;EÞ�1=4�1=2

� ½Að1ÞðEÞfJ1=3ð�Þ’1ð�Þ þ J�1=3ð�Þ’2ð�Þg
þ Bð1ÞðEÞfJ1=3ð�Þ¼1ð�Þ þ J�1=3ð�Þ¼2ð�Þg�; ð3:21Þ

where

’1ð�Þ ¼ 1� 1

�ðEÞ2
�ffiffiffi
3

p
Z �ð0;EÞ

�

�0J1=3ð�0ÞJ�1=3ð�0Þ ~Qðq0;EÞ d�0;

’2ð�Þ ¼ � 1

�ðEÞ2
�ffiffiffi
3

p
Z �

0

�0fJ1=3ð�0Þg2 ~Qðq0;EÞ d�0;

¼1ð�Þ ¼ � 1

�ðEÞ2
�ffiffiffi
3

p
Z �ð0;EÞ

�

�0fJ�1=3ð�0Þg2 ~Qðq0;EÞ d�0;

¼2ð�Þ ¼ 1� 1

�ðEÞ2
�ffiffiffi
3

p
Z �

0

�0J1=3ð�0ÞJ�1=3ð�0Þ ~Qðq0;EÞ d�0

ð3:22Þ
with �ð0;EÞ given by eq. (2.8).

3.2.2 Connection at q ¼ �1 to determine Að1ÞðEÞ and
Bð1ÞðEÞ

To connect the wave functions, (3.19) and (3.21),
smoothly at q ¼ �1, we have to know their behavior around
q ¼ �1 up to the 1st order in z ¼ �ðqþ 1Þ. For this purpose,
we have only to take the 0th order terms of ’, ¼, ’1, ’2, ¼1,
and ¼2:

’ð�Þ 
 1; ¼ð�Þ 
 � �ffiffiffi
3

p C1ðEÞ;

’1ð�Þ 
 1� C2ðEÞ; ’2ð�Þ 
 0;

¼1ð�Þ 
 �C3ðEÞ; ¼2ð�Þ 
 1; ð3:23Þ
where

C1ðEÞ ¼ 1

�ðEÞ2
ffiffiffi
3

p

�

Z 1

0

�fK1=3ð�Þg2 ~Qðq;EÞ d�;

C2ðEÞ ¼ 1

�ðEÞ2
�ffiffiffi
3

p
Z �ð0;EÞ

0

�J1=3ð�ÞJ�1=3ð�Þ ~Qðq;EÞ d�;
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C3ðEÞ ¼ 1

�ðEÞ2
�ffiffiffi
3

p
Z �ð0;EÞ

0

�fJ�1=3ð�Þg2 ~Qðq;EÞ d�: ð3:24Þ

In fact, in the case of the first term in the bracket in
eq. (3.19), for example,

�0 ¼ Oðz03=2Þ; I1=3ð�0Þ ¼ Oðz01=2Þ;
K1=3ð�0Þ ¼ Oðz0�1=2Þ; ~Q ¼ Oðz0�1Þ; ð3:25Þ

so that eq. (3.20) gives ’ ¼ 1þOðz2Þ, whoseOðz2Þ term can
be discarded when multiplied by w�1=4�1=2K1=3ð�Þ ¼ Oð1Þ.
The case of the second term in the bracket in eq. (3.19)
is a little different: Equations (3.20) and (3.25) give ¼ ¼
�ð�= ffiffiffi

3
p ÞC1ðEÞ þOðzÞ, whose OðzÞ term can again be

discarded because it is multiplied by w�1=4�1=2I1=2ð�Þ ¼
OðzÞ. Similar arguments apply to the terms in eq. (3.23).

Using eqs. (3.6), (3.7), (3.8), and (3.23), we obtain

uð1ÞI ðq;EÞ 
 Nð1Þ ffiffiffi
2

p �ðEÞ
3a1

� �1=6

�
�

1

�ð2=3Þ
�ffiffiffi
3

p 1� a2
5a1

ðqþ 1Þ
� �

þ 1

�ð4=3Þ
ffiffiffiffiffi
a1

p
�ðEÞ
3

� �2=3

� �ffiffiffi
3

p ½1þ C1ðEÞ�ðqþ 1Þ
	
; ð3:26Þ

and

uð1ÞII ðq;EÞ 
 Nð1Þ ffiffiffi
2

p �ðEÞ
3a1

� �1=6

�
�

1

�ð2=3Þ B
ð1ÞðEÞ 1� a2

5a1
ðqþ 1Þ

� �
þ 1

�ð4=3Þ
ffiffiffiffiffi
a1

p
�ðEÞ
3

� �2=3

� fAð1ÞðEÞ½1� C2ðEÞ� � C3ðEÞBð1ÞðEÞgðqþ 1Þ
	

ð3:27Þ
using eqs. (3.11), (3.12), and (3.13) instead. Then the
smooth connection of these functions at q ¼ �1 requires
that

Að1ÞðEÞ ¼ �ffiffiffi
3

p 1þ C1ðEÞ þ C3ðEÞ
1� C2ðEÞ ;

Bð1ÞðEÞ ¼ �ffiffiffi
3

p : ð3:28Þ

3.2.3 Connection at q ¼ 0 to determine Eð1Þ
n

Connecting the eigenfunctions in region II and III
smoothly at their boundary, q ¼ 0, determines the 1st order
approximation of the energy eigenvalues Eð1Þ

n .
(a) Even states
The connection condition at q ¼ 0, eq. (2.26) as applied

to the 1st order correction, permits simplification at
� ¼ �ð0;EÞ,

d

d�

�
J�1=3ð�Þ

Z �

0

�0J1=3ð�0ÞZð�0Þ ~Qðq0;EÞ d�0

þ J1=3ð�Þ
Z �ð0;EÞ

�

�0J�1=3ð�0ÞZð�0Þ ~Qðq0;EÞ d�0
�

¼ dJ�1=3ð�Þ
d�

Z �ð0;EÞ

0

�0J1=3ð�0ÞZð�0Þ ~Qðq0;EÞ d�0

ðZð�0Þ ¼ J�1=3ð�0ÞÞ;
reducing eq. (2.26) to

Að1ÞðEÞfJ1=3ð�Þ þ 6�J�2=3ð�Þg
þ f�C4ðEÞAð1ÞðEÞ þ ð1� C2ðEÞÞBð1ÞðEÞg
� fJ�1=3ð�Þ � 6�J2=3ð�Þg ¼ 0; ð3:29Þ

where

C4ðEÞ ¼ 1

�ðEÞ2
�ffiffiffi
3

p
Z �ð0;EÞ

0

�fJ1=3ð�Þg2 ~Qðq;EÞ d�:

The jth zero of eq. (3.29) gives 
ð1Þ
2j ðEÞ to be used for the

right-hand side of eq. (2.28), the eigenvalue formula, to
determine the ð2jÞth eigenvalues Eð1Þ

2j .
(b) Odd states
For the odd states, eq. (2.27) as applied to �ð1Þ

II is reduced
to

Að1ÞðEÞJ1=3ð�Þ þ f�C4ðEÞAð1ÞðEÞ
þ ð1� C2ðEÞÞBð1ÞðEÞgJ�1=3ð�Þ ¼ 0; ð3:30Þ

and its jth zero, 
ð1Þ
2jþ1ðEÞ, determines the ð2jþ 1Þth

eigenvalue Eð1Þ
2jþ1 from eq. (2.28) also.

In a similar way, we can push the iteration to the higher
order.

4. Convergence Condition for the Iteration

We now discuss the convergence of the series (3.1)
generated by the iteration (3.2). If it converges uniformly
in �, the energy eigenvalues as obtained by connecting the
approximate wave functions for region II and III converge
also.

4.1 Convergence rate
Recall eq. (3.2) for the iteration,

� ð�þ1Þ
l ð�;EnÞ ¼ 1

�ðEÞ
Z
Dl

Glð�; �0Þ ~Qðq0;EnÞ

� � ð�Þ
l ð�0;EnÞwðq0;EnÞ1=2 dq0 ð4:1Þ

with

DI ¼ ð�1;�1Þ; �ðq;EnÞ ¼ �ðEnÞ
Z �1

q

wðq0;EnÞ1=2 dq0;

DII ¼ ð�1; 0Þ; �ðq;EnÞ ¼ �ðEnÞ
Z q

�1

wðq0;EnÞ1=2 dq0:
Take the absolute value of (4.1) and pull � ð�Þ

l out of the
integral by taking its supremum,

j� ð�þ1Þ
l ð�;EnÞj � sup

q002Dl

j� ð�Þ
l ð�00;EnÞj 1

�ðEnÞ
�

Z
Dl

jGlð�; �0Þj j ~Qðq0;EnÞjwðq0;EnÞ1=2 dq0:
Take the supremum of both sides again to obtain

sup
q2Dl

j� ð�þ1Þ
l ð�;EnÞj � rnl � sup

q2Dl

j� ð�Þ
l ð�;EnÞj ð4:2Þ

with

rnl ¼ 1

�ðEnÞ supq2Dl

Z
Dl

jGlð�; �0Þj j ~Qðq0;EnÞjwðq0;EnÞ1=2 dq0;

ð4:3Þ
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which we call the convergence rate. If rnl < 1, then the
inequality (4.2) proves that the series (3.1) converges
uniformly in �.

4.2 Quick estimate
For the purpose of quick estimates of the convergence rate

(4.3), we replace jGlð�; �0Þj by its upper bound cl and pull it
out of the integral,

rnl � r0nl :¼
cl

�ðEnÞ
Z
Dl

j ~Qðq0;EnÞjwðq0;EnÞ1=2 dq0: ð4:4Þ

Let us prove

jGIð�; �0Þj � 0:723; jGIIð�; �0Þj � 1:362;

so that cI ¼ 0:723 and cII ¼ 1:362.

(a) Region I
The Green function in region I is given by eq. (2.20),

where K1=3 is related to the Hankel function by

K1=3ð�Þ ¼ �i

2
e�i=6H ð1Þ

1=3ði�Þ: ð4:5Þ

Using Heine’s formula,

H ð1Þ
1=3ði�Þ ¼

2

�i
e��i=6

Z 1

0

e�� cosh t coshðt=3Þ dt;

and replacing coshðt=3Þ by coshðt=2Þ, we obtain

0 < K1=3ð�Þ <
Z 1

0

e�� cosh t coshðt=2Þ dt:

By the change of the variable of integration,ffiffiffiffiffi
2�

p
sinhðt=2Þ ¼ u, therefore

0 < K1=3ð�Þ <
ffiffiffi
2

p
e��ffiffiffi
�

p
Z 1

0

e�u2 du

¼
ffiffiffiffi
�

2

r
1ffiffiffi
�

p e�� ¼ 1:254
1ffiffiffi
�

p e��: ð4:6Þ

To find a bound for

I1=3ð�Þ ¼ e��i=6

2
fH ð1Þ

1=3ði�Þ þH ð2Þ
1=3ði�Þg ð4:7Þ

in GIð�; �0Þ, we obtain, on the one hand,

jH ð1Þ
1=3ði�Þj ¼

2

�
K1=3ð�Þ < 0:799

1ffiffiffi
�

p e�� ð4:8Þ

by eqs. (4.5) and (4.6). For H ð2Þ
1=3ði�Þ on the other, we use

Hankel’s formula,

H ð2Þ
1=3ði�Þ ¼

2ie5�i=12e�ffiffiffi
�

p
�ð5=6Þð2i�Þ1=3

Z
C

fizðz� 2�Þg�1=6e�z dz;

in place of Heine’s, where the contour C goes along the
upper side of the half-line z ¼ te�i=4 from t ¼ 1 to 0, turns
around 0 counterclockwise and then goes to infinity along
the lower side of the same half-line. Since jz� 2�j > ffiffiffi

2
p

�
for all z 2 C,Z

C

fzðz� 2�Þg�1=6e�z dz

���� ����
< 2�1=12��1=6

Z 1

0

t�1=6e�t=
ffiffi
2

p
je��i=3 � 1j dt

¼ 21=3��1=6�ð5=6Þ;

so that

jH ð2Þ
1=3ði�Þj <

2ffiffiffi
�

p e�ffiffiffi
�

p ¼ 1:129
e�ffiffiffi
�

p : ð4:9Þ

Putting inequalities (4.8) and (4.9) into eq. (4.7), we obtain

0 < I1=3ð�Þ < ð0:400e�2� þ 0:565Þ e�ffiffiffi
�

p ;

hence

0 < I1=3ð�Þ < ð0:400e�2c þ 0:565Þ e�ffiffiffi
�

p ð� > cÞ ð4:10Þ

for any c > 0.
For 0 < � < c, we use the Taylor expansion of

ð2=�Þ1=3I1=3ð�Þ, whose terms are all positive, showing that
it is monotone increasing. Hence

2

�

� �1=3

I1=3ð�Þ < 2

c

� �1=3

I1=3ðcÞ:

Applying the inequality,

�1=3 � 0:374
e�ffiffiffi
�

p ;

we obtain

I1=3ð�Þ < 0:374 I1=3ðcÞ
c1=3

e�ffiffiffi
�

p ð0 < � < cÞ: ð4:11Þ

The coefficients of e�=
ffiffiffi
�

p
in eqs. (4.10) and (4.11) are close

to each other at c ¼ 1:8. In fact, that for the former is 0.576
and 0.573 for the latter, so that we obtain

0 < I1=3ð�Þ < 0:576
e�ffiffiffi
�

p ð4:12Þ

for all � > 0.
By the inequalities (4.6) and (4.12),

jGIð�; �0Þj < 0:723fe��e�
0
�ð�� �0Þ þ e�e��0�ð�0 � �Þg;

and hence

jGIð�; �0Þj < 0:723: ð4:13Þ

Remark. We have confirmed (4.13) by estimating the
coefficients corresponding to 1.254 in (4.6) and 0.576 in
(4.12) by numerically evaluating K1=3ð�Þ and I1=3ð�Þ. They
turned out to be 1.2535 and 0.415, respectively, giving a
stronger bound:

jGIð�; �0Þj < 0:521:

(b) Region II
The Green function in region II is given by eq. (2.22). We

use Poisson’s integral formula,16)

J�ðzÞ ¼ ðz=2Þ�
�ð1=2Þ�ð�þ ð1=2ÞÞ

Z �

0

eiz cos � sin2� � d�

ðRe � > �1=2Þ;
to obtain

jJ�ð�Þj � ð�=2Þ�
�ð�þ 1Þ �

c�þ1=2

2��ð�þ 1Þ
1ffiffiffi
�

p ð0 < � � cÞ ð4:14Þ

for any c > 0. We shall determine the constant c > 0

later.
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For � > c, we use the asymptotic expansion,17)

H ð
Þ
� ðzÞ ¼ 2

�z

� �1=2

e�iðz���=2��=4Þ

�
Xp�1

m¼0

ð1=2� �Þm�ð�þ mþ 1=2Þ
m!�ð�þ 1=2Þð�2izÞm þ Rð
Þ

p

( )
ð
 ¼ 1; 2Þ

with p ¼ 1,

H ð
Þ
� ðzÞ ¼ 2

�z

� �1=2

e�iðz���=2��=4Þð1þ Rð
Þ
1 Þ;

where

jRð
Þ
1 j � 1=2� �

2��ð�þ 1=2Þ
Z 1

0

e�uu�þ1=2 du

¼ 1=4� �2

2�
<

1=4� �2

2c
:

Hence,

jJ�ð�Þj � max

¼1;2

jH ð
Þ
� ð�Þj

� 2

�

� �1=2

1þ 1=4� �2

2c

� �
1ffiffiffi
�

p ð� > cÞ: ð4:15Þ

We determine c by equating the coefficients of 1=
ffiffiffi
�

p
in

(4.14) and (4.15) to obtain

c�þ1=2

2��ð�þ 1Þ ¼
2

�

� �1=2

1þ 1=4� �2

2c

� �
¼ 0:856 at c ¼ 0:956 ð� ¼ 1=3Þ

0:877 at c ¼ 0:701 ð� ¼ �1=3Þ
�

:

Then, �� ffiffiffi
�

p
J�ð�Þ

�� < 0:856 ð� ¼ 1=3Þ
0:877 ð� ¼ �1=3Þ

�
holds for all � > 0, and consequently

jGIIð�; �0Þj < �ffiffiffi
3

p � 0:856� 0:877 ¼ 1:362 ð4:16Þ

by eq. (2.22).

Remark. We have confirmed (4.16) in a way similar to the
one for the previous Remark.We have found a stronger bound:

jGIIð�; �0Þj < 1:161:

5. The Case of the Potential V ðxÞ ¼ 2�x2 þ �x4

We apply our method to calculate the eigenvalues of the
Hamiltonian,

H ¼ � }
2

2m

d2

dx2
þ 2�x2 þ �x4 ð�; � > 0Þ; ð5:1Þ

and to compare the results with those from the perturbation
theory, which is known to give series divergent how small � is.

5.1 Normal form of the equation
By putting x ¼ 	y with 	4 ¼ }

2=ð4m�Þ, the Schrödinger
equation (2.1) for (5.1) is turned into a normal form,

� d2

dy2
þ y2 þ �y4

� �
~uðyÞ ¼ ~E ~uðyÞ;

where

E ¼ ~E � }
ffiffiffiffi
�

m

r
; � ¼ 4

ffiffiffiffiffiffiffiffiffi
m�3

p
}

�:

Then, w and � in (2.5) and (2.6) turn out to be

wðq;EÞ ¼
���� 4 ~E�

fð1þ 4 ~E�Þ1=2 þ 1g2 q
4

þ 2

ð1þ 4 ~E�Þ1=2 þ 1
q2 � 1

����; ð5:2Þ

�ðEÞ ¼ 2 ~E2

ð1þ 4eE�Þ1=2 þ 1

� �1=2

: ð5:3Þ

5.2 Energy eigenvalues
5.2.1 0th order approximation

The integral on the left-hand side of the eigenvalue
formula (2.28) becomesZ 0

�1

�
1� 4 ~E�

fð1þ 4 ~E�Þ1=2 þ 1g2 q
4

� 2

ð1þ 4 ~E�Þ1=2 þ 1
q2
�1=2

dq

¼ � 1

3k ð ~E�Þ1=2 E
�

2
; k


 �
þ ð1þ 4 ~E�Þ1=2 þ 1

6k ð ~E�Þ1=2 F
�

2
; k


 �
;

where

Eð’; kÞ ¼
Z ’

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 �

p
d�;

Fð’; kÞ ¼
Z ’

0

d�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 �

p

are the Legendre–Jacobi elliptic integrals and

k2 ¼ 2 ~E�

ð1þ 4 ~E�Þ1=2fð1þ 4 ~E�Þ1=2 þ 1g :

Therefore, eq. (2.28) for the lowest order approximation of
the ground-state energy ~Eð0Þ

0 turns out to be

ð1þ 4 ~E�Þ1=4
3�

�E
�

2
; k


 �
þ ð1þ 4 ~E�Þ1=2 þ 1

2
F

�

2
; k


 �� �
¼ 0:880 167 1 ð5:4Þ

with the right-hand side given by eq. (3.17). The energy
eigenvalues ~Eð0Þ

0 obtained by solving eq. (5.4) for � ¼
0:01; 0:1; 1 are given in Table I together with those in the 1st
order approximation to be calculated below.

To get the energy ~E ¼ ~Eð0Þ
1 of the first excited state,

we have only to replace the right-hand side of (5.4) by
2.383 447 from eq. (3.18). The results for the same �’s
are given in Table II together with the 1st order approxima-
tion.

5.2.2 1st order approximation
In contrast to the case of the 0th order, the right-hand side

of the eigenvalue formula (5.4) is not constant but functions,

nðEÞ, of ~E determined as the zeros of eqs. (3.29) or (3.30),
which we calculate numerically.

The results ~Eð1Þ
n for the ground and the 1st excited states

are given in Tables I and II, and are compared with the
results from perturbation theory and the exact ones by
Milne’s numerical method.2)
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Comparison is also made in Fig. 2 for the cases of (a)
� ¼ 0:01 and (b) � ¼ 0:1, which shows how good our results
are; the comparison favors our method the better for the
larger �, and in fact already for � ¼ 0:1. For � ¼ 0:01 in
particular, our Eð0Þ

0 looks poorer than Eð0Þ
0,pert, but they should

not be compared to each other, because our Eð0Þ
0 is for

~Q ¼ 0, or Q ¼ �ð5=36Þ=�2, and not for Q appropriate to
V ¼ y2 þ �y4 with � ¼ 0, for which V one calculates Eð0Þ

0,pert.
Our Eð�Þ

n approaches from different beginning at � ¼ 0 to the
true En after ~Q is fully incorporated.

Our approximation gets better as the higher the excited
states we go. Moreover, we shall see in the next subsection
that our iteration series (3.1) for the eigenfunctions unðxÞ
converge uniformly in x, irrespective of the magnitude of � ,
while the perturbation series is known to diverge3,5) how
small � is.

5.3 Convergence proof for V ðxÞ ¼ 2�x2 þ �x4

Let us prove the convergence of our iteration series (3.1)
for the ground and the 1st excited states in the present case
of the Hamiltonian (5.1) by showing that the convergence
rate, r0nl in eq. (4.4), are less than 1 significantly indeed for
n ¼ 0; 1 and l ¼ I, II.

To calculate the integral in eq. (4.4), we have to know the
value of ~En ¼

ffiffiffiffiffiffiffiffiffiffi
m=�

p
En=}. We may use the approximate

values for ~En obtaind in the previous subsection. But, here
let us proceed in other way by finding a region it belongs to,
narrow enough for estimating r0nl.

First, we consider the ground state, and find a lower bound
of its energy eigenvalue. Since, for any c > 0,

2�x2 þ �x4 � 2�cx2 � �2

�
ðc� 1Þ2 ð5:5Þ

Table II. The energy eigenvalues ~Eð�Þ
1 for the first excited state in the 0th and the 1st order approximation, and corresponding ~Eð�Þ

1,pert and
~E1,exact for

reference.

�

0.01 0.1 1

~Eð0Þ
1 3.068 521 (0.010 537) 3.326 367 (0.005 895) 4.657 326 (0.001 831)

~Eð1Þ
1 3.036 813 (0.000 095) 3.306 952 (0.000 024) 4.648 837 (0.000 005)

~Eð0Þ
1,pert 3.000 000 (0.012 029) 3.000 000 (0.092 798) 3.000 000 (0.354 674)

~Eð1Þ
1,pert 3.037 500 (0.000 321) 3.375 000 (0.020 602) 6.750 000 (0.451 984)

~E1,exact 3.036 525 3.306 872 4.648 813

1st excited state

1st

1st

Ground state

0th
1st

0th

0th

1st
0th

en
er

gy

Ours Perturbation
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exact
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2.95

3.05 exact

(a) (b)

1st excited state
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1st

1st

0th
0th

1st

0th

1st
1.05

1.10

1.15

3.30

3.35

3.25

3.20

en
er

gy

3.15

3.10

exact

exact

Fig. 2. The energy eigenvalues ~En for the ground and the 1st excited states in the cases of (a) � ¼ 0:01 and (b) � ¼ 0:1. Comparison is made of our results,

those by perturbation theory and the exact ones by Milne’s numerical method.

Table I. The energy eigenvalues ~Eð�Þ
0 for the ground state in the 0th (� ¼ 0) and the 1st order (� ¼ 1) approximation. Also listed for reference are ~Eð�Þ

0,pert

obtained by the 0th and the 1st order perturbation theory, and ~E0,exact by Milne’s method. The figures in brackets are the relative errors,

j ~Eð�Þ
0 � ~E0,exactj= ~E0,exact.

�

0.01 0.1 1

~Eð0Þ
0 1.125 336 (0.117 099) 1.164 504 (0.093 138) 1.426 228 (0.024 330)

~Eð1Þ
0 1.014 169 (0.006 745) 1.070 058 (0.004 480) 1.392 577 (0.000 162)

~Eð0Þ
0,pert 1.000 000 (0.007 320) 1.000 000 (0.061 284) 1.000 000 (0.281 791)

~Eð1Þ
0,pert 1.007 500 (0.000 125) 1.075 000 (0.009 120) 1.750 000 (0.256 866)

~E0,exact 1.007 374 1.065 285 1.392 352
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holds for all x, we consider the Hamiltonian of harmonic
oscillator,

H 0 ¼ � }
2

2m

d2

dx2
þ V 0ðxÞ; V 0ðxÞ ¼ 2�cx2 � �2

�
ðc� 1Þ2;

whose lowest energy eigenvalue is known,

E0
0 ¼ }

ffiffiffiffi
�

m

r ffiffiffi
c

p � �2

�
ðc� 1Þ2

¼ }

4�

ffiffiffiffi
�

m

r
f4� ffiffiffi

c
p � ðc� 1Þ2g: ð5:6Þ

Take the exact ground-state eigenfunction u0ðxÞ (normal-
ized) of our Hamiltonian H given in (5.1). Then

E0 ¼ hu0; Hu0i > hu0; H 0u0i > E0
0;

the middle inequality holding by (5.5) and the right-most one
by the variation principle. We maximize E0

0 in eq. (5.6) by
varying c. The solution c� of dE

0
0=dc ¼ 0 or

c
ffiffiffi
c

p � ffiffiffi
c

p � � ¼ 0 ð5:7Þ
gives the maximum of E0

0, so that we have the lower bound
for E0,

E0 >
3c� þ 1

4
ffiffiffi
c

p
�

}

ffiffiffiffi
�

m

r
:

To find an upper bound, we take the ground-state
eigenfunction,

v0ðxÞ ¼ 2
ffiffiffiffiffiffiffi
m�

p
�}

� �1=4

exp �
ffiffiffiffiffiffiffi
m�

p
}

x2
� �

;

of the harmonic oscillator

H 00 ¼ � }
2

2m

d2

dx2
þ V 00ðxÞ; V 00ðxÞ ¼ 2�x2:

Then, we obtain the upper bound,

E0 < hv0; Hv0i ¼ }

ffiffiffiffi
�

m

r
þ �hx4v0; v0i

¼ 1þ 3

4
�

� �
}

ffiffiffiffi
�

m

r
:

Thus, in terms of ~E0 ¼ E0=}
ffiffiffiffiffiffiffiffiffiffi
�=m

p
, we have

3c� þ 1

4
ffiffiffi
c

p
�

< ~E0 < 1þ 3

4
�; ð5:8Þ

where c� > 0 is the solution of (5.7).
The bounds for ~E1 can be obtained similarly. Note that the

variation principle says that E1 � hu;Hui provided u ? u0.
But, we know that the first excited state has an antisym-
metric eigenfunction and such functions are orthogonal to
u0. Therefore, we can apply the variation principle to the 1st
excited state by confining the test functions to be antisym-
metric.

The bounds thus obtained for � ¼ 0:01; 0:1; 1 are shown in
Table III.

Let us explain the calculation of r00I in the case of � ¼ 0:01
for example. For the lower bound ~E ¼ 1:0025 in Table III,
eqs. (5.2) and (5.3) give

wðq;EÞ ¼ 0:009 829 q4 þ 0:990 171 q2 � 1;

�ðEÞ ¼ 0:997 561:

Since the cancellation that happened in eq. (2.15) is too

subtle for computer to perform the integration in eq. (4.4),
we use the asymptotic formula due to eq. (2.15),

~Qðq; EÞ 
 �0:030 226
1

�1� q
;

for �1:01 < q < �1. Then, we obtain

0:723

0:997 561

Z �1:01

�1
j ~Qðq;EÞjwðq;EÞ1=2 dq ¼ 0:051;

0:723

0:997 561

Z �1

�1:01

0:030 226

�1� q
wðq;EÞ1=2 dq ¼ 0:004;

so that

r00Ið ~EÞ ¼ 0:051þ 0:004 ¼ 0:055 ð5:9Þ
for ~E ¼ 1:002 5. We have written unnecessarily large
number of digits for �ðEÞ, just for identification.

In the same way, we calculate r0nlð ~EÞ (n ¼ 0; 1) for the
upper and lower bounds for � ¼ 0:01; 0:1; 1 and l ¼ I, II with
the results given in Table IV, showing that r0nl is sufficiently
small for the iteration series (3.1) to converge in all the cases.

Moreover, we plot r0nlð ~En;exactÞ (n ¼ 0; 1; l ¼ I, II) in Fig. 3
for an extended range of �, that is, 0:001 < � < 20000,
where we have used ~En exact instead of its bounds. From
these, we see that the convergence rate is far less than 1 for
any � > 0 guaranteeing the convergence of (3.1) however
large � may be. As expected, r0nl approaches to that for the
monomial potential V ðxÞ ¼ 2�x2 as � ! 0 and to that for
V ðxÞ ¼ �x4 as � ! 1.

Remark. For V ðxÞ ¼ 2�x2,

r00I ¼ 0:060 0; r00II ¼ 0:240 5;

r01I ¼ 0:020 0; r01II ¼ 0:080 2;

and for V ðxÞ ¼ �x4,

r00I ¼ 0:103 2; r00II ¼ 0:203 2;

r01I ¼ 0:039 6; r01II ¼ 0:078 0:

The results show r01l < r00l mainly due to �ðE1Þ > �ðE0Þ,
indicating that our method gives better results for the excited
state.

6. Discussion

We have proposed a new method for solving the
Schrödinger eigenvalue problem for the anharmonic oscil-
lator having the potential V ðxÞ ! 1 as x ! �1, which we
assume for the sake of simplicity to be symmetric
V ð�xÞ ¼ V ðxÞ and to have two turning points. We use the
Liouville transformation and a systematic iteration proce-
dure for eigenfunctions unðxÞ. A criterion has been
established for convergence of the iteration uniform in x.
The eigenvalues are extraced from the eigenfunctions so that
the uniform convergence of the eigenfunctions implies the
convergence of the eigenvalues in contrast to the divergence
the perturbation theory gives no matter how small � is.

Table III. Upper and lower bounds for ~E0 and ~E1.

�
Lower bound

for ~E0

Upper bound

for ~E0
�

Lower bound

for ~E1

Upper bound

for ~E1

0.01 1.002 5 1.007 5 0.01 3.022 2 3.037 5

0.1 1.023 8 1.075 0 0.1 3.198 6 3.375 0

1 1.182 2 1.750 0 1 4.210 0 6.750 0
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For the purpose of comparing with the perturbation
theory, we have applied our method to the case with the
potential, V ðxÞ ¼ 2�x2 þ �x4 (�; � > 0).

Our method gives a good approximation to the eigenva-
lues even in the first iteration, in fact better than the first
order perturbation theory for the large � , and in fact already
for � > ð4

ffiffiffiffiffiffiffiffiffi
m�3

p
=}Þ � 0:1. The approximation by our

method gets better, the higher the excited states we deal
with (see Fig. 2 and Tables I and II). The uniform
convergence of our iteration series is established irrespective
of the magnitude of � . It is remarkable that the speed of
convergence is greater for some value of � as shown in
Fig. 3. It is true that our method is more complicated than the
perturbation theory at least in the lower order of approxima-
tion. But, this is a price to pay for the convergent results.

Our method has a much wider applicability, as we show in
the papers to follow.

There are two interesting problems we have left for future
studies. One concerns those singularities of the energy
eigenvalues as a function of � , the coefficient of the x4 term
of the potential, whose existence is implied by the
divergence of the perturbation series. The problem is to
find out where the singularities are hidden in our converging
series. The other problem is the choice available among
different Green functions which we have noticed in x2.2. As
we shall show in the paper to follow, they give equally good
iteration solutions, but it is interesting that the convergence
rates of the iteration are different depending on the Green

functions we use. There are cases in which the iteration
series converge with some of the Green functions but may
not with others.
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Fig. 3. r00l and r01l (l ¼ I, II) as functions of �. The difference in magnitudes between (a) r00l and (b) r01l is mainly due to the difference between �ðE0Þ and
�ðE1Þ.

Table IV. r00l and r01l for the upper and the lower bounds in Table III.

� r00I for lower bound r00I for upper bound r01I for lower bound r01I for upper bound

0.01 0.055 0.055 0.017 0.017

0.1 0.047 0.044 0.017 0.017

1 0.074 0.058 0.033 0.024

� r00II for lower bound r00II for upper bound r01II for lower bound r01II for upper bound

0.01 0.233 0.232 0.073 0.073

0.1 0.184 0.173 0.043 0.040

1 0.072 0.046 0.034 0.029
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