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Abstract

We choose the squeezed vacuum state as a one-parameter trial wavefunction,
to minimize the energy of an anharmonic oscillator, with a polynomial
perturbation potential. Using the optimal vacuum state obtained, we generate
the optimal generalized number state basis, and set up the Hamiltonian in
the normal-ordered form. Then, truncating the basis, we produce finite-
dimensional matrices in a simple manner, and find their eigenvalues by standard
methods. We will apply our method to the Morse potential, whose exact
eigenvalues are known, as a check on the accuracy of the results that we have
derived. Two models of the double well and the quartic potential are considered
as examples.

PACS number: 03.65.Ge

1. Introduction

The anharmonic oscillator is an important model in the study of many problems in physics.
However, in contrast to the harmonic oscillator, it cannot be solved analytically, and thus one has
to resort to approximation methods for its solution. The anharmonic quantum oscillator with
quartic perturbation has been studied extensively in the past [1-10]. The quantum anharmonic
oscillator with sextic, octic, and the general one-perturbation term, Ax™, has also been studied
more recently [11-17]. The aim of this work is to calculate the energy eigenvalues of the
quantum anharmonic oscillator, with a polynomial perturbation potential, whose Hamiltonian
is given by
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where H) is the Hamiltonian for a harmonic oscillator with the mass and the angular frequency

assumed equal to unity. In fact, we may cast any Hamiltonian
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in the form (1) if the potential V (x) is a polynomial, or if it can be expanded in a series and
truncated into a polynomial as an acceptable approximation. Thus, our work covers a wide
range of Hamiltonians, and not just the ones traditionally called ‘anharmonic oscillators’.

We shall follow a two-step approach to solve the Hamiltonian (1). First, we choose a
squeezed vacuum state as a one-parameter trial wavefunction, and minimize the energy of
the system by variation [4]. Then, using the optimal vacuum obtained, we construct the
optimal generalized number states basis, and use it to set up the Hamiltonian in terms of
the generalized creation and annihilation operators in normal-ordered form [14]. Finally,
considering a truncated basis, we produce a finite-dimensional matrix, whose eigenvalues we
obtain by standard methods.

The organization of the paper is as follows. We introduce the generalized number states and
atheorem regarding the normal-ordered form of a function of the second-quantized operators in
section 2. The normal-ordered form of the Hamiltonian, and its matrix representation, are de-
rived in section 3. We specialize our work to the famous Morse oscillator, whose exact solutions
are known, as a check on the general results that we have derived, in section 4. Two models,
of the double well and the quartic potential, are also considered as examples in this section.

2. Generalized number states

The ordinary annihilation and creation operators for the harmonic oscillator with the
Hamiltonian Hj are defined by
X +ip
a= 3
V2
. Xx—ip
V2

where they satisfy the commutation relation

[a,a"]=1. %)
We now perform a Bogoliubov transformation [4], to define the generalized annihilation and
creation operators b and b*:

“

a

= —m (6)
,_a —ta
v Uise @
where 7 is a real number which satisfies |f| < 1, and the commutation relation
[b.b*] =1 ®)
holds.
We now define the normalized squeezed vacuum state |0, ) by
0, 1) = (1 = £H)MDe/2 o) ©)
where b is its annihilation operator, and we have
b|0,t) = 0. (10)

The generalized number states, |n, ¢), may be generated by application of the operator b*, n
times, to the squeezed vacuum state |0, #); we write

(bH"
Vnl

where {|n, t)} is a complete set and will be used to set up the Hamiltonian matrix later.

n,t) =

|0, £) an
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It is worthwhile to make a parenthetical but interesting observation at this point:
constructing the generalized number operator b*b, using equations (3)—(7), we find

1 2 Qx?
Ho=b"b+- =142 (12)
2 2Q 2
where we have defined the real parameter 2 = 11—;’ Now, comparing the above result with

Hy, we conclude that the transformation that we have used is mathematically equivalent to
rescaling the Hamiltonian Hy, according to the ansatz x — +/Qx. Thus, the parameter 2
gains a central role in our subsequent calculations, although we are not concerned with the
rescaling aspects in our work. Using the eigenfunctions of the rescaled harmonic oscillator
Hamiltonian is a standard method and helps to simplify some calculations [18, 19].

We also need to prove a theorem regarding the normal-ordered form. Let f (b, b*) be an
operator function of the generalized creation and annihilation operators b and b*; we may use
the commutation relation (8) to write this function in the so-called ordered form, in which all
the powers of b stand to the right of all the powers of b*. We also define the operator function
: f(b, b*) :, which s obtained from f (b, b*) by moving all powers of the annihilation operator
b to the right, without application of the commutation relation (8). Using the Baker—Hausdorff
formula, we write

2 2
exp [a(b+b*)] = exp [%} exp(ab®) exp(ab) = exp [a?i| cexp [a(b+bh)].. (13)

Now expanding both sides of the above equation in powers of «, and equating the
coefficients, we find

b b+ m __ A m! (b b+ m—2k.
&+57) _,Z:O:zkk!(m—zk)!'( OO

[m/2] m! m—2k (b+)m—2k—jbj

= — —_— (14)
g 2k gt m — 2k — )1

This gives the normal-ordered form of the function (b + b*)", which has also been derived by
iteration methods in [16]. We will use this result later, to construct the Hamiltonian matrix
elements, in the generalized number state basis.

3. Hamiltonian matrix and variational method
Using equations (3) and (4), the second-quantized form of the Hamiltonian (1) is given by
1 a+at\"
H=—-+a"a+ Am (—) . (15)
2 Z V2

Now, using equations (6), (7) and (14), and expanding the binomial coefficient in the last, we
write H in terms of the normal-ordered product of the operators b and b* as follows:

1 -2 1+Q2 1—2
H=—+( ) + b*b + b +b")
2 4Q 2Q 4Q
M [m/2] m—2k +\m—2k—n p,n
)\m ! b b
D G Y X T 1)
L= (2Q) /D £t L= 2kkIn) (m — 2k —n)!

where the parameter Q2 = 11—;’ has already been defined after equation (12).
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Now, we use the squeezed vacuum state as a one-parameter trial wavefunction to find the
expectation value of the Hamiltonian H. We obtain

1 (1-9)? M) Apit!
e(Q) =(0,QH|I0,Q) =~ +——" + S —
2 aQ T L& 2mQmD) (m)2)!

a7

where {M} denotes the largest even number which is equal to or less than M. Minimizing
£(£2), we find the equation

i Apm! 0 (18)
Q2 S 20 (g2 — 11

which we solve numencally to obtain the value of €2,, the optimal value of €.
Having found €2,,, we now use the optimal generalized number states

()"

N

to set up the matrix representation for H given by equation (16). We find

1+Q2 1+Q2 1 -
Hijz + ]5ij+

I, 2,) = —=10, £2) (19)

Qz 1 1
- {[j(j = D128 2+ [+ DG +2)]28 j42 )

4Q, 2Q,
M [m/21m—2k '(]+m 2% — 2n)']
+,,,ZO kz Z (222, )<m/2>2’<k'n'(1 —n)! (m — 2k —n)! Bijom—2t=on- (20)

This is an infinite-dimensional matrix, but we can deal with an N-dimensional one, if we
truncate the basis by limiting the value of n in equation (20) to n < N — 1. Then, we use
a diagonalization method or appropriate software to find the low-lying eigenvalues of the
oscillator. We have used Matlab® to obtain our numerical results.

4. Accuracy check and examples

We first apply our method to the one-dimensional Morse oscillator with the Hamiltonian

p?
H = 7+De(1 —e 7?2 (1)

where D, and « are the depth and the range parameter, respectively, and the mass of the
oscillator is put equal to unity [20,21]. Assuming 7 also equal to unity, the exact energy
eigenvalues are given by

1 1y o«
E, =« 2De|:<n+§)—<n+§) \/?De} (22)

We can also expand H; in the following form:

o0
Hy = Hy+ Y Ay (o, De)x" (23)

m=2

where
Z Am (o, D) x™ = [Deot2 - %]xz + D, [ (ax)? +1 (owc)4 (owc)5 360 3L (ax)® — ]

(24)
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Table 1. Energy eigenvalues for the Morse oscillator with « = 1, D, = Q, =
9.099 025 893 345 88 and 23 perturbation terms.
N Ey E; E> Es3
10 9.8800319140  28.918707977  47.0528724878  64.806 1096161
20 9.8750018376  28.875033730 46.8754506843  63.8778553192
30 9.8750000037  28.875000083  46.8750006713  63.875003 3686
50 9.8750000000  28.875000000  46.8750000000  63.8750000000
Exact  9.875 28.875 46.875 63.875

Table 2. Energy eigenvalues for the Hamiltonian A, with ©, = 2.000 000 000 000.

N Eo E| E> Es3

10 1.80871477 1.90077131 4.38525538 5.61619358
20 1.80082170 1.89650720 4.37051470  5.57338297
30 1.80081351 1.89650539 4.37046678  5.57335043
50 1.80081349 1.89650538 4.37046673  5.57335020
100 1.80081349  1.89650538 4.37046673  5.57335020

The Hamiltonian (21) is now cast in a form suited to our method. We just have to provide the
values of «, D,, 2,,, the number of perturbation terms that we want to use and the dimension of
the Hamiltonian matrix to the computer program to find the eigenvalues. We have compared
our numerical results with the exact values computed from equation (22) in table 1. As the data
in table 1 reveal, increasing the dimension of the Hamiltonian matrix increases the accuracy
of the results. Moreover, the method yields results that are more accurate for the lowest-lying
states. The convergence and the accuracy are very good in general; although we have truncated
the series in equation (24) and only 23 perturbation terms are considered, the relative error for
all the energy entries is of the order of 10712 or less for N = 50.

Encouraged by the above results, we now consider the following Hamiltonians as useful
examples:

2
Hy = %+(x2—2)2=H0+x4—§x2+4
2
Hy = %+(x2 —2)* = Hy+x® — 8x0 +24x* — 32 + 16 (25)
p?
Hy = 7+Ax4=Ho—%x2+kx4.

H, and Hj are both double-well Hamiltonians, and their eigenvalues are shown in tables 2
and 3 respectively. Obviously, Hz provides a higher potential barrier than H,, and this fact is
reflected in the much smaller values for £y — Eq and E3 — E; in Hj than in H,. The relative
errors for all the entries in table 2 with N = 50 are of the order of 10~ or less, and they are
of the order of 1076 or less in table 3 with the same N. The Hamiltonian H, represents a
quartic potential well and its energy eigenvalues are shown in table 4. The convergences of
the eigenvalues in this table are faster than in the previous two, and with N = 50 the relative
error for all the entries is of the order of 10~ or less.

Finally, considering the convergence and the accuracy of the results, our work may be
considered as a simple and reliable method for obtaining the eigenvalues of any Hamiltonian
represented by equation (1).
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Table 3. Energy eigenvalues for the Hamiltonian H3 with €2, = 4.882928 426 153.

N Eo E, E> E3

10 2.51742246 258596928 8.61401968  8.88202449
20 244917445 245262241 824423187  8.32953637
30 244680790 244991501  8.23408345 8.31659435
50 244674506 2.44983832 8.23374567 8.31621176
100 2.44674474 244983816 8.23374394  8.31621073

Table 4. Energy eigenvalues for the Hamiltonian Hs with A = 1 and €2, = 2.000 000 000 000.

N Ey E; E, Ej

10 0.66803082 2.39375846 4.69907762  7.346 18456
20 0.66798626 239364410 4.69679574  7.33573208
30 0.66798626 239364402 4.69679539  7.33573000
50 0.66798626 239364402 4.69679539  7.33573000
100 0.66798626 239364402 4.69679539  7.33573000
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