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We present a general, asymptotical solution for the discretized harmonic oscillator.
The corresponding Schdimger equation is canonically conjugate to the Mathieu
differential equation, the Schdinger equation of the quantum pendulum. Thus, in
addition to giving an explicit solution for the Hamiltonian of an isolated Josephon
junction or a superconducting single-electron transi$EBET), we obtain an as-
ymptotical representation of Mathieu functions. We solve the discretized harmonic
oscillator by transforming the infinite-dimensional matrix-eigenvalue problem into
an infinite set of algebraic equations which are later shown to be satisfied by the
obtained solution. The proposed ansatz defines a new class of generalized Hermite
polynomials which are explicit functions of the coupling parameter and tend to
ordinary Hermite polynomials in the limit of vanishing coupling constant. The
polynomials become orthogonal as parts of the eigenvectors of a Hermitian matrix
and, consequently, the exponential part of the solution can not be excluded. We
have conjectured the general structure of the solution, both with respect to the
guantum number and the order of the expansion. An explicit proof is given for the
three leading orders of the asymptotical solution and we sketch a proof for the
asymptotical convergence of eigenvectors with respect to norm. From a more prac-
tical point of view, we can estimate the required effort for improving the known
solution and the accuracy of the eigenvectors. The applied method can be general-
ized in order to accommodate several variables2@3 American Institute of
Physics. [DOI: 10.1063/1.1561156

I. INTRODUCTION

This paper is closely related to one of the famous eigenvalue problems, namely that of a
one-dimensional harmonic oscillator. It is common knowledge that if the eigenvectors are required
to have continuous second-order derivatives, each eigenvector is expressible as a product of a
Hermite polynomial and an exponential term. The corresponding eigenvalues are equidistantly
spaced and bounded from below. Another way to state the problem is given by the annihilation and
creation operators which directly diagonalize the Hamiltonian. In comparison, the quartic anhar-
monic oscillator was solved by Bender and Wu in Ref. 1. A method for finding eigenvalues for
anharmonic oscillators was created by Mei3ner and Steinborn in Ref. 2. A general method for
polynomial potentials was introduced recently by Meuriée.

Instead of continuous functions, we consider functions defined only on a discrete,
equidistantly-spaced and countable setkonThe obvious advantage of this approach is that it
transforms the problem into an eigenvalue problem of an infinite-dimensional, tri-diagonal matrix.
The corresponding Schilinger equation is canonically conjugate to the Mathieu differential
equatior? Numerical solutions for noninteger orders are naturally obtained by diagonalizing the
very same matrix, see Ref. 6 and the references therein for applications.

In physics, the discretized harmonic oscillator is manifestly realized by the Hamiltonian of an
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isolated Josephson junctithand the Hamiltonian of the, slightly misleadingly named, supercon-
ducting single-electron transist¢8SET).2° Presently, excited states are seldom considered be-
cause of the radical approximations under which the Hamiltonian is solved. Even if the excited
states are numerically obtained, it is not immediately evident, what happens when the coupling is
changed. In this paper we give an explicit, asymptotical solution for the discretized harmonic
oscillator which corresponds to strong Josephson coupling in case of the SSET. The same Hamil-
tonian also describes the so-called quantum pendulum, or a particle in a periodic pdtéhtial.

The corresponding asymptotical eigenvalues have been available for almost 50 years due to
the work of Meixner and Sclilke on Mathieu functions in Ref. 12. First, by calculating the
determinant of the matrix representation accurately enough, we continue this expansion by several
orders in the coupling parameter. Then we propose an ansatz that transforms the matrix equation
into an infinite set of algebraic equations and proceed by recursively solving these equations. The
general properties of the coefficients in the ansatz can be obtained by studying any occurring
regularities and reinserting these into the solution. Thus, in addition to the eigenvalues, we have
successfully conjuctured the general form of the asymptotical eigenvectors. In each order of the
expansion, the expressions are quoted in terms of an arbitrary quantum nurnlédrenever
possible. The leading terms have been determined and rephrased in terms of an arbitrany, order,
too. We find that the eigenvectors are asymptotical solutions of certain differential equations,
which enables us to obtain further orders in their expansions.

The only real-valued parameter in the solution is the coupling constant, because all coeffi-
cients, both in the eigenvalues and in the ansatz are rational numbers. As a practical application,
the rate of convergence of the solution towards numerically obtained, “exact,” solution, can be
reliably estimated. In the asymptotical limit, the dependence in termsaofim assumes the form
of a simple monomial, at least down to the limits of numerical precision.

The solutions of ordem=5 are very simple to program and directly apply as numerical
solutions of the discretized harmonic oscillator. For sufficiently small values of the coupling
constant the eigenvectors are practically exact and thus they facilitate studies which require the
structure of the excited states. We have proven, with the help of recursion relations of Hermite
polynomials, that the first three leading orders of the obtained solution are correct. The calculation
up to the seventh order should be performed in the future. We also outline an explicit proof
concerning the normwise convergence of the eigenvectors. The asymptotical nature of the solu-
tions must be stressed. A very thorough introduction on the subject has been given been given by
Boyd in Ref. 13.

It is justified to ask, is the proposed solution completely new. The answer is, naturally, yes and
no. Both discretized and discrete harmonic oscillators have been widely studied before. Both cases
are related to orthogonal polynomials, so the work of Kravéhakd Hahh® must be mentioned.

The discrete harmonic oscillator, where the position coordinate is restricted to a finite number of
values, is explicitly solved by Kravchuk polynomials as shown by Lorente in Ref. 16. Several
discretizations of the harmonic oscillator have been previously solved, each giving rise to a
specific class of generalized Hermite polynomials. Discretization by an exponential lattice
{—=qg",q"|neZ}, where 0<g<1, defines the so-calleg-deformed harmonic oscillator and gen-
eralizedg-Hermite polynomials which are rigorously discussed by Berg and Ruffing in Ref. 17.
For other applications of thg-deformed harmonic oscillators, see, e.g., Refs. 18 and 19, where
other discretizations are reviewed, too. Borzov, in Ref. 20, considers generalized derivation op-
erators as generators of Hermite polynomials and states that the generalized Hermite polynomials
either satisfy a second-order differential operator or there is no differential equation of finite order
for these polynomials. Many other types of generalizations are also known, see e.g., the multidi-
mensional Hermite polynomials of Bier?! Hermite polynomials orthogonal with respect to the
measurd £|” exp(—£)d¢, where y>—1,2223and parabosonic Hermite polynomiéfsin the fu-

ture, it must be established whether the presented class of Hermite polynomials is related to the
g-Hermite polynomials, if it results from some other discretization or is it an explicit example of
the second group of Borzov’s categorization. Complementary results concerning the introduction
of distant boundaries for the continuous problem are also krfo#htinally, it should be empha-
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sized that instead of deforming the harmonic oscillator, we solve its common-sense discretization,
used especially in numerical calculations. The asymptotical effects of the discretization are ex-
plicitly calculated.

We also briefly consider the abruptly changing nature of the solutions when the coupling
constant vanishes. This behavior is evident for both versions of the harmonic oscillator and the
Mathieu differential equation. The asymptotical nature of the solutions and the eigenvalues is
caused by this divergence. For the Mathieu equation this has been well documented, see, e.g.,
Refs. 5, 12, and 27. A more physically motivated approach is given by Bender, Pelster, and
Weissbach in Ref. 28, where, e.g., the instanton equation and the Blasius equation are examined.
The present methods are closely related to these, although we can not carry the calculation as far
in the perturbative expansion. This is explained by the necessity of obtaining the expansion for the
eigenvalues which makes the present problem technically more demanding.

The present method can be generalized in a fairly obvious manner. Other differential equa-
tions with analytical solutions can be discretized in the same manner if the correct expansions are
found for all parts of the solution. An easier generalization is related to multi-dimensional differ-
ence equations with harmoniiguadratig potential terms. The existing solutitfor Hamiltonians
of one-dimensional arrays of Josephson junctions become more transparent with the help of
present formalism.

The paper is organized as follows. In Sec. Il we define the discretized harmonic oscillator and
connect it to the Mathieu differential equation as well as the continuous case. The solution ansatz
and the resulting set of equations are reviewed. In Sec. Il we quote our conjectures for the general
form of the coefficients in the ansatz. We also present the explicit values of the leading coeffi-
cients. In Sec. IV we study solving the set of equations which yields the asymptotical eigenvec-
tors. Efficient truncations of the set of equations are explained. The effort for improving the
obtained results with the present method is estimated. In Sec. V we prove that the solution satisfies
the difference equations, at least for the three leading orders. The rate of convergence and the
induced asymptotical orthonormality are also reviewed. Finally, in Sec. VI the conclusions are
drawn and an outlook of future possibilities is given.

A final note for those that are only interested in applying these results in numerical and/or
theoretical analysis. Please review the beginning of Sec. Il in order to find the correct parameters
for the discretized harmonic or Mathieu equation. Then proceed to Sec. Ill and use the given
expressions as approximate solutions in &4).

II. THE DISCRETIZED HARMONIC OSCILLATOR

The eigenvalue problem corresponding to the harmonic oscillator is the differential equation

for (%),
1d%) X2
2ot VM @

The eigenvectors corresponding to the well-known eigenvalues,
AM=ow(n+1/2), (2
wheren=0,1,2,.., aregiven by
_ g2
In(X)=AHp(E)e &, 3

Here ¢=\w x, A, is a normalization factor, anHl, is the Hermite polynomial of ordem. The
Hermite polynomials are solutions of the Hermite differential equation

y"—=2xy’'+2ny=0, 4)
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wheren=0,1,2,... . For our convenience, we write the polynomials, given by Rodrigues’ formula,
as

K’

d" /
Hu(6) = (~1)" expé%) gmex — €)= 3, hiDgn 20+, )

wherek’:=|n/2|, i.e.,k’=n/2 if n is even ank’=(n—1)/2 if n is odd. The quantitk’ proves
to be extremely useful in further analysis. The Hermite polynomials satisfy the recursion relation

Hny1(§)=28H,(8) —2nHy_ 1 (). (6)

Many of the generalizations of the Hermite polynomials boil down to a generalization of this
recursion relatiort®17:19:24

The discretized version of E@l) is obtained by restricting the values wfonto an evenly
spaced, countable subsetldf This corresponds e.g., to the discretization of charge in case of a
Josephson junction or a SSET. Only the constant nearest-neighbor coupling is retained which
yields a tri-diagonal matrix (x,) with nonzero matrix elements

Hjj(x0) = 50(j —X0)?,  Hjy1j(X0)=Hjj+1(X0)=—3. (7)
Here the parametex,e[—3,3] is the displacement of the origin with respect to the matrix
elementj=0. All eigenvalues ofH(x,) have been translated by 1 in order to simplify the
diagonal matrix elements. The standard way to write the Hamiltonian of an inhomogeneous SSET
is obtained from Eqg.7.36 and(7.39 of Ref. 8 and rephrasing it in terms of the number operator
for Cooper pairs yields the matrix

HFFNNg) =Ec(j—Ng)2  HIESEANG) =H{$3 N x0) = — 3E4(0), ®)

whereN, is the number of Cooper pairs which minimizes the charging en&gy, (2€)%/2Cs is
the unit of charging energy, arifl;(6) is the effective Josephson energy which depends on the
total phased across the SSET. Consequently, we solve the Hamiltonian of SSET if we find the
eigenenergies and eigenvector for the discretized harmonic oscillatorwitt2E /E ;( 6))*2

In the following, we are searching for eigenvectors with finite Euclidean norm, i.e.,

)

|wfu2=j2 | ]2 <o (9)

=—m

The existence and uniqueness of such solutions follows from the generalization of the Gershgorin
eigenvalue theory by Shivakumar, Rudraiah, and Williams in Ref. 30. First the number of eigen-
values ofH(xg) on a given interval can be shown to coincide with number of eigenvalues for a
finite-dimensional truncation of the matrik4(\)(x,), if the dimensionN is sufficiently large. A
sufficient condition for this is that, in the ordered sequence of diagonal matrix elements, the
difference between two consecutive values exceeds41/2|=2. Furthermore, they prove that,
for finite values ofn, the eigenvectowﬁ,’\') of HM(x,) tends to the corresponding eigenvector of
H(Xo) whenN— oo,

We now establish the connection between lthe:,) and the Mathieu differential equation

d?y
d—vz+(a—2q cog2v))y=0, (10

wherea is the eigenvalue, also known as the characteristic value when the sofutias period
of 7 or 2. We follow the derivation of Shirts in Ref. 6 and use Floquet’'s theorem to obtain
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y=exr(ivv)P(v)=exmyv)% Cox XP(2ikv), (12)

where the Fourier expansion B{(v) has been inserted. This corresponds to the matrix equation
for the coefficientsc,, compactly written as

Cok—2— VarCok T Cok12=0, (12

whereV,,=[a— (v+ 2k)?]/q. This is identical to the discretized harmonic oscillator Hamiltonian
H(x) with an eigenvalue\ after identifications

v=—2Xq, k=j, Qq=4l0? a=8\w? (13

where elements are identified according to~2j. Thus all results obtained for the discretized
harmonic oscillator also hold for Mathieu functiofikl) with parameters given in Eq13). For
Xo=0 andx,= * 1 the solutions oH(x,) can be chosen to be even or odd with respegt fbhis
corresponds to writind?(v) in terms of sines and cosines. Special attention must be given to the
even solutions oH(xy,=0), where the resulting equations in the matrix representation read

= IV2= N, (14
— Yo IV2+ w?ih112— ol 2= N gty (15
— i 1/2+ 0?2 2— 1 l2= oy, =2 (16)

The eigenvalues fory=0 correspond to characteristic valugs,(q),b.,(q)}, while the case
Xo==* 3 is linked to{a,,.1(q),b2n+1(q)} as defined in Ref. 5.

The asymptotical expansion of the eigenvalues corresponding to theyliavt or «— 0 was
obtained by Meixner and Scfk@ in Ref. 12. The derivation of the eigenvalues is based on the
three-term recurrence relations for the Mathieu functions and the requirement that the norm of the
error in the eigenvalue equation vanishes faster than a specific powembgixner and Schae
quote the asymptotical characteristic values of the Mathieu equation up to and including the order
o’ in Theorem 7 in Sec. 2.3. Some error estimates for asymptotical expansions of Mathieu
functions by Kurz are given in Ref. 27. Because the Mathieu equation is also thedBgjao
equation of the quantum pendulum or a particle in a periodic potential, it has been studied
independently in physics, td8:1*'Especially, the same general expansion for eigenvalues and
several further terms for the ground state energy were obtained by Stone and Reeve in Ref. 11.

In this limit, we can write the eigenvalues bif(x,) as

oo

Ao~ 2 AMo™, (%)
m=0
wherew— 0, and
m!
)\%m):kzo Agr"r;()ﬁm+2(k—m’) (18)

with Ai:=2n+1 andm’=|m/2|. This structure is identical to that of the Hermite polynomi&ls
if one identifiesh with & By Ref. 12, the eigenvalug20) do depend orxg, but this dependence
decreases exponentially as—0. The maximal difference is given

AM(Xg=*3H = Ny(Xo=0)~(—1)"Bo(1—Biw)w " 2exp — 8/w), (19

whereB, andB; depend om but not onw.
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This allows us to write the eigenvaluesld{x,) as

N 14 wﬁ w2d2 w3d3 (1)4d4 w5d5 w6d6 w7d7 w8d8 wgdg a)lodlo
=

2 26 - 211 - 217 - 223 - 227 - 233 - 240 - 247 - 251
wlldll wlzdlz w13d13 w14d14 wlsdls o™ 16 17
TTo5T T To81 T 560 572 T 579 o587 +O0(w™), (20

where the coefficientd, read
d,=h%+1,
d;=n%+3M,
d,=5A*+34A%+9,
ds=330°+410A%+ 405,
dg=630%+ 126("*+ 294FH%+ 486,
d,=527"+15611H°+ 690013+ 41607,
dg=938M8+388780°+ 2845898 1*+ 402188412+ 506979,
dg=17504%°+ 97026127+ 107798166°+ 288161796+ 130610637,
d1o= 4225651+ 303157808+ 480439190°+ 2135766820 + 22493462862+ 238353840,

dy;=419475811+ 379291388°+ 81868294267 + 55529955498° + 110241863468°
+ 41540033271,

d;,= 106459602+ 11872641900+ 33678377896°% + 327725946398° + 10813589097
+940077055038% + 88258370067,

d13=440374207 3+ 5949573757A+ 215582104420M° + 2873815016050
+144821249264768 + 236410740537606 + 7824361372767,

d,,=578183176%+ 932095841082+ 421568362429%'°+ 7426960436765

+5379057507694 7% + 145676730601375¢ + 1105711550410658
+94839535889532,

d;5= 12308013925+ 2337227706555+ 1294372532436 751+ 2928506455684098

+29119560960614088 + 120372998803922242+ 170921920649402748
+51316344023990085

d1¢=530039126158"°+ 117243302735480*+ 78230939614256522
+222043810819026856%+ 2924952921130025188+ 1738031526802826526%
+40851669411526600980+ 279835514703303657A3-+ 2235152520630714879.
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We obtain the terms for orderss8n=<11 by exploiting Eq.(18) when explicitly evaluating the
determinant of Eq(7). As a first step, settinggo=0 halves the dimension of the tri-diagonal
matrix. Next, by translating one of the eigenvalues close to zero by substracting the known
expansion of this eigenvalue, the determinant becomes an essentially linear function of the chosen,
translated eigenvalue. The next unknown term is inserted as a parameter and the determinant is
calculated for several values of preferably in the forn{Z"‘wo}E;g. This choice lets us separate
the leading correction and the subsequent corrections. In order to obtain thedigramsld,y . 4,
we must correctly determine all eigenvalugswhenn<k. Sufficient accuracy is guaranteed by
using the high-precision numerics @ATHEMATICA software. The method for obtaining the orders
m>11 requires explicit knowledge on the properties of the eigenvectors and the discussion is
postponed until the end of Sec. Ill.

The asymptotical nature of the expansion means that for each valieaoéin, there exists
and optimal ordem which minimizes the error in the eigenvalue, i.e., the function

M s

AN(w,n,m):=|\,— )\%m/)wm, , (21

m’'=0

with respect tom. The exact eigenvalua, exists and is finite for all nonzero values of
according to the Sturmian theory of second-order linear differential equations, see e.g., Ref. 5. In
other words, for sufficiently small values efthe error is dominated by the first omitted term, i.e.,
AX(w,n,m)~ |\ ("D u™* 1 Because the asymptotical eigenvalue is divergent, it surely crosses
the exact eigenvalue whet is increased, but this occurs outside the range of asymptotical
convergence. Similar asymptotical convergence should be observed for the asymptotical eigen-
vectors, too. Assumingfﬁm’x‘)) corresponds to the asymptotical expansion of the eigenvalues up to
and including ordew™, we expect error in the norm to behave as

™ — g~ c(n,m) ™, (22)

wherew—0 andC(n,m) is a simple function oh andm. Although this has not been proven, Eq.
(22) appears to be correct and we will ultimately give an approximate expressi@fiiom), too.
Outside the regime of asymptotical convergence the €2®rapproaches? as the asymptotical
solution becomes orthogonal to the exact one.

Next we show that the discrete eigenvalue problem(Exis a meaningful asymptotical limit
of the continuous harmonic oscillator equati@l). The problems are identical in the leading
infinitesimal order whem is infinitesimal, but the limitw— 0 is subtle. As long a&>0, both the
eigenvalues and eigenvectors of the discretized problem tend to those of the continuous harmonic
oscillator with thisw. For =0 the continuous problem becomes abruptly the free particle Hamil-
tonian with solutions

w(u:O(X):eikxy )\(u=O:k2/21 (23)

where k is the standard name for the wave number. Simultaneously the discretized problem
becomes the well-known nearest-neighbor chain with eigenvectors and eigenvalues,

p={e 07} N, _o=—cogKk). (24)

For sufficiently small values ok we have\,_,~—1+k>?2, in agreement with Eq(23). In
contrast, we are interested in the bound-state solutions of lE@nd those eigenvectors of the
discretized problem that can be uniquely related to these continuous solutions-far

The harmonic oscillator is discretized by restricting the valuex @into a countable and
evenly spaced subset 8f The lowest-order central approximation for a second-order derivative
is simply
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h)—2 + +h
(= PR TIOED o, (25

Assuming#(X) to be real analytic allows us to write the numerator of the right-hand side as a
Taylor series

Y(x+h) = 2¢(x) + (x—h) = 2 (2k)| 5 (26)

If his infinitesimal and as the derivatives @fare finite in all orders, the only remaining term is
h2y"(x). Thus, in the lowest infinitesimal order the discretized eigenvalue problem gives a
second-order differential equation

12 0B
_EW_FW'px:h (—1+N) iy (27)

which is identical to Eq(1) apart from the constant h~2 and the redefinitionso— w/h and
A—>\/h2. The discreteness of the problem can also be varied by rescaling the valudbiis,
instead of decreasing the siaef the steps, we sét=1 and letw— 0. From Eq.(27) we see that
asymptotically the eigenvalues and eigenvectors have the fgymn— 1+ w(n+1/2) and i,
~¥(x), as expected.

We have already pointed out that the mattikx,) in Eq. (7) can be derived from the Mathieu
equation. The underlying reason for this is that the problems are canonically conjugate. Inserting
the full expansion Eq(26) into Eq.(27) yields an obvious differential equation i, with respect
to x. The canonical transformatioid/dx—7v and x— —id/dv preserves the eigenvalues and
produces the differential equation

wdz (

— | =N (28)

Noticing that the sum is equal to co¥@nd setting :=(v + 7)/2, we obtain the canonical form of
the Mathieu equation with parameters given in ELp).

After these important preliminaries, we are able to proceed towards the actual solution for the
discretized harmonic oscillator. In order to treat eigenvectors of all matH¢eg) on an equal
footing, we replace the index by x:=j—Xxq. For arbitrary values ok, andj the new indexx
becomes a continuous one &nWe thus obtain functiong{" , wheren is the state index. We
propose that these functiowé"‘) are real-analytic and that they give the eigenvectorsi f;)
asymptotically, i.e.,

(xo) {'r/fj(n)xo}?: . (29)

whenw—0. The problem tends to the continuous one in the lowiaghitesima) approximation
in w. Thus itis reasonable to assume that the lowest-order approximation for the solution functions
is given by g\~ y,(x) asw—0.

The general form of the asymptotical solution of the discretized harmonic oscillator now reads

[

o <] k/
zﬂf(“)ocexp(z 2 o' Lg% 2 2 P 1B(n)§n+2(k k)) (30
k=1 I= k=0 i=

where o} and B are constants to be determined. The solution to the continuous case yields

a{")= —1 andﬂék"‘{zl. We are free to normalize the solution so we can chg@i§&=0 for
[>1.
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The main point of introducing the functiong!” is that they transform the difference-
equation-type eigenvalue problem corresponding to the discretized harmonic oscillator into an
infinite set of algebraic equations for each valueofThe eigenvalue§0) appear as parameters
and they are required in order to solve the equations for the sets of coeffigi¢Ptsand{B{)}.
Fortunately, the equations uniquely determine every single coefficient. Because the expansion of
the eigenvalues is asymptotical, the meaning of the full solution to these equations must be
determined later.

In practice, we need a suitable truncation of E2D) and thus we define afun-normalizegl
approximate eigenvector

wl(qm,Xo): { J(n ;no)}J (31)
where y{™™ contains only those terms withsm. The definition ofy"*® obviously coincides
with the continuous solution &t . In numerical calculations, and always for even valuesipive
must truncate the eigenvector with respecf tdy setting @E]m’x")) ;=0 for componentsj|>j,
with a sufficiently large value of.

We now give the infinite set of algebraic equations corresponding to the transformation of the
difference equation when the solution functiqﬁ{;&‘) are substituted into the eigenvalue equation.
Rearranging the terms, we find that each equation can be written in the form

lp(n) (n)

X+1

=" (= \y+ 0?%?/2), (32

wherex=] —Xg. Inserting the general ansa®&0) into Eq. (32) expresses the equation in terms of
¢ andw. The exponential part of the ansatz on the right-hand side canceled simply by substracting
the corresponding exponent from those on the left-hand side. This yields an equation

k'

ex E E WA (x— 1>2k—x2k])2 2, (' P Ve(x=1)]7 27K

oo o] k[ %
+exp(k2 > affw ! l[<x+1>2k—x2k])20 2, (P P o(x+ 1] 2)
=11=k k=0i=1

k' o

2 2 (hPo B x]20D), (33

22

:[ - 2 )\n(m) wm+
m=0

These equations are then expanded as functiorsaofl w as the resulting equations are easier to
solve. The equations must hold for all values of the linearly independent variableso so each
equation must be solved separately. For the purposes of generality, it would be preferable to
expand with respect t§ but the resulting equations are much more difficult, both to obtain and to
solve. Nevertheless, the obtained solution can be inserted into to these equations in order to show
that the results are correct. This will be done in Sec. V.

In order to obtain the eigenvect%m”((’) we must solve and satisfy all equations correspond-
ing to

{{wm’§n+2m’—2l’}|r‘r,1’:+ok’ m’:O. (34)

This is of course done recursively, by inserting the known part of the solution and solving for the
next level. In order to connect E(B4) with the order of the solution, we state that the equations
corresponding to a fixed value af’ uniquely determines the coefficients witkm’.

After a while, one starts to see regularities in the coefficients and attempts to express these in
a functional form. We have been able to find rather general expressions for the coefficients. This
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means that the coefficients have been expressed in termsaafl the order of the expansion,
whenever this is possible. We have conjectured the general form of the terms which means that we
know how far away we are from obtaining further terms.

We have found that the functionsg(“'m)(f) are asymptotical solutions of the differential
equation

m k g2k 2
w d w§
(n m) _ (K) K (n m)
E: - E Ay (35

in a specific sense. After all derivatives have been carried out, the terms multiplying the common
exponential factor cancel up to and including the or@@r If the solution¢§<”'m_1) is known, we
obtain an explicit differential equation for the exponential palft 1f.,(£), the correction to the
Hermite polynomialkw™ 1g,,(£¢) and the energy eigenvalué,m). In case of the ground state and
the first excited staten(=1), the conditiong,,(§)=0 for m>1, renders the problem solvable.
Forn=2 we must insert the ansat20) in order to obtain the solution.

The results are, naturally, in complete agreement with those obtained by using the difference
equation. We are using just another representation of the original problem. Eq(&8i@nables
us to obtain the solutions for fixed valuesrotip to relatively high orders with respect to powers
of w. Thus we can both extend the general expression for the eigenenergies(20Eand those
for the coefficients in the exponential part of the solutions. For the ground state energy, we find the
terms beyond orde®® to be

36337256242041119717 6258692522467212813% 227867608383920243815°
- 279 - 283 - 288

437219948822244662012:° 352807992522448740907163"
- 292 - 298

746588645138633427409788%° 33075273543789726020241096%
- 2102 - 2107

765423730757089866585192758% 14778124518637568848056875891%9
- 2111 - 5118

37132718819258763418452357390369
- 2122

1939848955425261040700592191917%83
- 2128

5259857310102927552686981463533686%
- 2131

5914101566562517015636997146651378649
- 2137

1721293554549854866839521988306985061#9
- 2141

l03623923430037383441890457864846971821)7853 -
5146 O(w™). (36)

The corresponding asymptotical eigenvector contains 3B1)/2=496 linearly independent
terms. The coefficient 0&3°4? in the exponential part reads
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5207328980459439428858189871778019425519567564728193 3
© 2765292404617797269550429065808396826741571584 @7

The general solution is given in the next section.

lll. THE GENERAL SOLUTION OF THE DISCRETIZED HARMONIC OSCILLATOR

For reasons of completeness and easy accessibility some of the definitions will be repeated in
this section. Theanth order solution functionpf(”'m), corresponds all terms up to and including
I=min Eq. (30). The asymptotical expansion of the eigenvalkgss given in Eq.(20). The state
indexn determines two expansion parameters,

A:=2n+1 andk':=|n/2), (39

wherek’=n/2 if n is even andk’=(n—1)/2 if n is odd. The gamma functiof'(x) is the
generalized factorial with the defining propertl/(x) =I"(x+ 1). We need the values for integer
and half-integer values which read

T(k)=(k—1)!, T(k+H=2"%/m(2k—1)!1, (39)

where the double factorid!! for integer values ok is given byk(k—2)X---X(1or2). The
coefficients in the Hermite polynomials simplify to

(— 1)K +ho2k+(1=(= 1)z

(N —
M T2k (1= (=DM (K = k) (40)

A convenient normalization for the eigenvectors is obtained by requiring that
P~ g1=C1N2) o, (41)

i.e., ~1 for even values oh and ~ ¢ for odd values oh. Also bear in mind that
af)=-1/2, BgM=1, and Bf}}-,,=0. (42)

Under these constraints we have conjectured that the general form of the coefficients. In the
exponential part,

exp( kzl ) a(kT)wFlfz'( , (43

the coefficients can be written as

|
o= 2 alln. (44)
I'=0
Please note that if the coefficieaf} are written as polynomials in instead off, the signs of the
corresponding expansion coefﬁcierﬁg’;(trI appear to be given by<(1)¥. An efficient way to
write these coefficients is given by

[1/72] nal—21’
- T'(k+1/2)Q(k,1,2k—5+1")A
o) = (ke X

2o I'(k+h)m

[(1-2)/2
+ D> Qklk=2+1")p"1-2" ) (45)

I"=0
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whereQ(k,l,2k—5+1") and 6(k,| ,k—2+1") are polynomials irk of orders X—5+1" andk
—2+1’, respectively. An important consequence of Ep) is that regardless of the values lof
andn we have

lim a1y g0/ @l = — 14, (46)

k— o0
The explicit expressions for the seven leading coefficients have been obtained and they read

(—1)k2272 (k+1/2)
k(2k—1)2T (K)o

ol -

1 T(k+1/2) A
(M _(_qyko-2-2k| = 4 —|
Fier= (7 (k r(k+1)ﬁk)
I'(k+1/2)

m ko—4—-2k| =
[e% = 1)*2 n+
k2 ( ) ( 24F(k+ 2)\/77

[(3+52k+40k?)+(9+ 12<)ﬁ2]) ,

I'(k+1/2)

— T X [(243+111%
240 (k+3)\J7 8

3= (~ 1)k292k[ (— 1+ 7k+5k?) + (3+4k)H%+
+192&2+ 13763+ 320k*) A+ (33+ 101k + 104>+ 32(3)ﬁ3]] ,

['(k+1/2)
480 (K+4) [
X [(—2612925-529213%+ 10675068%+ 367668561+ 40148416+ 21300608°
+554444%%+56576(’)/315+ (11070+ 60044+ 13081K>+ 14211 %3+ 8128K*

Wham 1)k2142k[ (53+120k-+ 136+ 40k°) A+ (37+ 72k + 3K*)A%/3+

+2316&°+256°)n?+ (585+ 228& + 358> + 26963+ 96k * + 12&>)A*] ¢ ,

al), 5= (—1)k272072k (—5187- 67K+ 658(k?+ 7684 + 3164* + 45%°)/3+ (1214+ 3744

['(k+1/2)

480 (k+5)

X[ (740893236 394478838R+ 962714781k + 14943869461+ 1528794120K"
+1011667507R°+ 423879859R®+ 107991859R’ + 1520762885+ 905216%°) /315
+(1825740r 11037114+ 27955236+ 3791906R3+ 3016931R*+ 14491648°
+41228865+ 63692&’ + 4096(K®)n3/3+ (85050+ 38108k + 72979%?+ 75236%>

+ 408>+ 19683+ 320k*) A%+ (345+ 808K + 576>+ 1283)A%/3+

+447024&*+ 15257&°+ 2764&°+ 204&")A%/5] ¢,
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all, 6= (—1)k2726-2k{ (378033+ 49636&+ 78652&>+ 710816+ 339904"* + 7955%°

+723%°)A/3+ (69714+ 24131 X+ 30339%%+ 177696+ 4940&* + 512k°)A%/3
I'(k+1/2)

1800 (k+6)

X [(—24640192386816105728184475128- 155775948330744

—74654535511116 + 74660144680856 + 156803802177352

+134434233033760+ 70722102090816 + 245906914513%F + 56803455836 116

+839668527104'+ 7192125440k + 271400960R"%)/9009+ (22093103970

+16220123440R+ 504160865146 + 882850470198 + 98693287842)*

+ 7454343388218 + 38808993686K° + 13897268467 + 3350454374K3

+(17217+ 4536+ 4096(k>+ 153603+ 204&*)A%/15+

+517963776R°+ 462565378+ 181043261Y) A%/21+ (152041056- 99192294R
+278448273R+ 435370752R°+ 420383666R* + 263273168R°+ 108877744k°
+29491232@7+ 502451268+ 487424B°+ 204809 A% + (2606310 1279974&
+ 277983452+ 3424507@°+ 2618150%*+ 12857468+ 4055205+ 79232k’

+8704k8+4096<°)A%] ¢ .
Thus, for an arbitrary ordem, we can obtain the expressions for coefficients corresponding to
{oM~1g2Mm=1715 _ . Furthermore we find
a")=— (505549158 + 177209158°+ 828964%°+ 4032617 /2%’
—(—2741702 122488252+ 151805RA*+ 2607%°)/2°2,

a")=—(— 840819020949 1419128841068+ 221074444682 + 619559788A°
+2125987%°%)/(3%x 247) — (1318785848 + 459389256°+ 2971811H°+ 3356171 7)/2%8

af)=(13125727618T+ 3784309918+ 1323046497°+ 4456305 ) /2*
+(48228434- 939598452+ 8787706* + 11066 1H°) /234

The exponential part43) is now completely determined up to the ninth order, i.e., known for
arbitrary values of for terms withl<9.

If we exclude the dependence on% and also that given by the gamma functions in the
coefficients, we observe a very distinct regularity. The dependence of the leadinglpowesaich
polynomial sequence starting frond for a fixed valud in a(k"‘,ZH and going upwards by one both
for | and the power ofi is so far always given by

{Gg i =1{3q0/4" (1N}, (47)
The initial values in casels <5 are given by

{@g.ot_o={1,1/4,5/48,5/512,221/96768,113/786432 (48)
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This dependence is by no means proven but it corroborates our choice for the prefactors in Eq.
(45). A bit surprisingly, we find that the coefficients") . , in Eq. (44) contain information about
the energy eigenvalues in cases 0 andn=1, i.e.,

a(—nl:rg or = _)\51@0 or 1° (49)

The right-hand side is taken from E@O) and it is correctly reproduced fon<®6.

The coefficientétﬁ(krf)} determine a set of new polynomials, where the coefficients multiplying
the powers of¢ depend onw. In the limit w— 0 these polynomials tend to the Hermite polyno-
mials. They are, unquestionably, a new class of generalized Hermite polynomials. They are de-
fined as parts of the eigenvectors of a Hermitian matrix. Because the exponential part is rather
complicated, the measure, with respect to which they become asymptotically orthogonal, is nec-
essarily a complicated one. It depends on both of the eigenvectors, i.e., it is not a measure in the
classical sense at all. No simple recursion relation for the polynomials is yet known, and we do not
know, whether they satisfy any differential equation of finite order. This means that they could be
an example of the second category of generalized Hermite polynomials as defined by Borzov in
Ref. 20. Such discussion is beyond the scope of the present study and we will concentrate on
simpler properties of the polynomials.

Our generalized Hermite polynomials are defined as

k'

HR (&)= 2, hign 20, (50

where the modified coefficients are given by
R =h0 2 (0! 7160 (51)

Because the generalized Hermite polynomiafq ¢) fix the nodegzeroe$ of the functions(//i”),
it is equally important to obtain correct polynomials as it is to obtain the correct exponential
factors.

We conjecture that the general form of the coefficigig§} reads

-1 [20-1)-1'
|
A= | = (pUa-(—ymphhk | k)" (52
I"=0 I=1
Wherepl(,)I andpl,Tare constants. Additionally;l,I 0 whenl=2(1—-1)—1" or|’=1—1. This
expansion with respect tk and k' shows that even and odd values mfshould be treated
separately.

Some general properties of the coefﬂuepf% andﬁf, have been gleaned. The recurring
appearance of the factor (H0-k) is by far the most striking of the observed regularities. This
factor may, in time, explain some properties generalized Hermite polynomials. We conjecture that

-1
2 (P g1yt KD ) =K Mo 10k — k)2 MoP(2mg 1), (83)

=

where 2ny<I| and P(2mg,l) denotes a (B)th order polynomial ink and k’. Similarly, the
difference between even and odd valuesiaforresponds to

E (El(l’)zl s m—|’k2|_3_m0 1’ |) kl 1- mo(l(](l k)|—2—2m03(2m0’|)’ (54)
I"=0
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where 2ny<I—1 and5(2m0,l) again denotes a (8,)th order polynomiali_rk andk’. B
In the leading and next-to-leading orders the polynomig8,), P(2l), P(0Jl), andP(2])
have been explicitly evaluated. Thus, we define the quantities

klfl(lckl_k)lfl
4811 —-1)!

B(l,20—2):= (55

and

kl72(10(/ _k)|73

BUL2=3) =g ag=11=2)r Ll

—2)658k’)?+(402—-126)k’k+ (81 —3D)k?], (56)

which has been confirmed up to the sixth order, l.&.6. Similarly, the leading differences give
rise to the quantities

— 4K (10K —k)' 2
B(1,21—3):= 2821=2) (57)

and

kI*Z(la(r_k)I74
5x 48 1(1-3)!

B(l,21—4):= [(2632—2576(k’)2+(1470-504 )k’ k+ (32 — 145)k?].

(58)

The leading terms are very similar, but also the next-to-leading t&8(hgl —3) and B(l,2l
—4) share several common features. Most importantly,| tlependence in the polynomial sec-
tion is identical, apart from a factor of 4.

Below, we give the explicit values of the coefficiev&%‘) in cases 2|=<7. Itis convenient to
separate the even and odd values pbecause the correct expansion parameter appearskio be
Please note that these expressions automatically ﬂ@]l’c#O for1>1,

BE=[(3k—K?)+(10k)k'1/48,
B V=pE) +K/12,
B =[ (855 — 64k?— 14k + 5k*) + (784 + 48— 100k*)k’ + (1316 +500k?) (k')?]/23040,
B D= BN L[ (24%K+ 492 — 20k3) + (53K + 200k?)k’ /11520,

BA)=B(4,6)+ B(4,5) +[(37138%K— 2034982 — 12123+ 143&*) + (111069&+ 10204
—2625X%3)k’ + (49693k+ 93984?) (k' )2+ 56020MK(k’)3]/23224320,

B V=2 1 B(4,5)+B(4,4)+[(6768k+ 1234K>— 260%3) + (108544 + 3376 X2k’
+114456(k’')2]/3870720,

ﬁﬁ?g” =B(5,8)+B(5,7)+[(27875137&— 202014918+ 3522226&>+ 4026 74&* + 2815&°
—99445) + (713250468 — 28179042@% — 61452368° — 1961 76&*+ 209856&°)k’
+(110574325R+ 19817885R%— 1063068B°— 275344%)(k’)?+ (319197168
+81282336&°%—22799744>) (k' )3+ (27167251R+ 14840897&2)(k')*]/22295347200,
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B D=2k 1 B(5,7)+B(5,6)+[ (11981722 — 2346803K>— 12060128 — 33031 X*
+10019%°)+ (43631955&+ 10376975&%— 5886336 —192111&*)k’
+ (321608148 + 1183833982 — 90408K3) (k' )%+ (22414785&+ 120486304?)
X (k'")%]/11147673600,

B )=B(6,10 +B(6,9 +[ (134035780726 166751340586+ 3932719488K>
—226960587Kk*— 47761421R°— 19226558+ 22178X" + 484k®) + (4139908230718
—21758474709K’ + 22678956 761>+ 8841166604+ 479019924° — 65498845
+566984« ")k’ + (526339688532 155591533528 — 5500319807% — 351871343k*
+85514008° — 24903296°) (k' )%+ (556945898088+ 13108556197
+279055624B°— 2800601 7&*+ 42404014K4%) (k’)%+ (116760015552
+34523271136>— 586515019R% — 333817457K*) (k' )*+ (79966766400
+ 4610288672k + 1016278736K%) (k' )°]/11771943321600,

B D= g2k 1+ B(6,9)+ B(6,8)+[ (34460588160 26910050288+ 72069996°
+128238389K*+ 10346557R° — 94800X°— 316976&’) + (216801198648
—2167179114K°— 18471533108° — 169932257K*+ 78651584°+ 5865684°)k’
+(345295895928+ 9618176210k + 147820698k — 140925818R*+ 6082287R°)
X (k")?+(160052617776+ 6454763316k + 320499282K% — 189823251R*) (k' )3
+(83156900448+ 4713083056K? + 10276562911%) (k' )*]/5885971660800,

B =B(7,12+B(7,11) +[ (211674469507 75185 34318046368345148
+13674300462898398 — 1352901404372446 — 28438555727 >
+1131187515973¢ + 704407032828 + 1294932615K°— 177366188°
+37677648°) + (59570630372492640- 60644270495554704
+10066261151648253+ 1046023367606 — 246415137367020
—20207362771548 — 460168946016’ + 26041055048 — 248304056R°)k’
+(996694856114664k2- 39020273844707886+ 2200698814542984
+2070713072954600212428368788100 + 5622413614246 + 82814211480’
+7078455384KP) (k' )2+ (82488078028378080- 18442822328400488
—9100818756007520 — 964844434165920— 2415644252736¢ — 301368251184
—111622807296¢0) (k)3 + (66588038149135200- 18345507366303448
+119126897555784F + 105188095095 + 42474114642966
+1024431592184¢) (k' )*+ (10839030004200960- 3516288982521798
—363895953410496 — 3042212007394536 — 5161066790880¢) (k' )°
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+(6218212960526208+ 37054967403733 K5+ 8986019646764 16
+110684037464000) (k' )®]/1542595452862464000,

B D=2k 1 B(7,11) +B(7,10 + [ (— 460686821541976- 1941941074537755
+36687758433121K + 41494582964306' — 9965970910166 — 1112954021928
—3497243872R" + 9581011448+ 379879%°) +(9145976126266080
—38232507020598 K2 — 1911430819716 % + 17341598360509¢
+249482825935% + 815890000796° — 41300603344’ + 197409212R%)k’
+(190450457038423%2- 607795420829248 — 14224565683556 13
—19587393536961¢ — 2655255816252 + 611948653316° — 9800142352K’)
X (k")?+(18941405236672082 5863460843089248 + 345511721120645
—55753844615436' — 65472325318k° + 179271652560KF) (k' )3
+(6296099301099168+ 2692631923242166 + 232744611197904
—59049744898144 — 1460614026874C) (k' )*+ (2605202959125888
+1525593370591688+ 36559061662323 + 4467037294720¢})

X (k')%]/257099242143744000.

In combination with the exponential parts these coefficients determine explicit, analytical expres-
sions for solution functiors"™" for arbitrary values of.%2

It must be re-emphasized that E0) is an asymptotical solution. Two partially overlapping
reasons for this behavior must be stated. First, the solution depends on two independent length
scales, i.e.x and w, and second, the coordinate transformatien &= \Jwx is singular atw=0.

These points are rather extensively covered in Ref. 13. The eigenvalues are asymptotically exact
for even values oh at x,=0 and, probably, for odd values of at x,= + 3. Because the error
decays exponentially in &/ this dependence ox, vanishes much before the asymptotical be-
havior of Eq.(22), i.e., ||¢//f]m’X°)— z//ﬁXO)||~C(n,m)wm, appears.

Comparison against numerically obtained eigenstates allows us to give an approximate ex-
pression for the functiol€(n,m). The validity of the calculations is limited by the numerical
precision, i.e., to norms of the order of 78—-10 %2 We have employed the reliable diagonal-
ization routines ofvATLAB software for this purpose. We have studied eigenvectors up to
~40-50 and the corresponding asymptotical solutiqbﬁ%xo) up to the fifth order. A reasonable,
order-of-magnitude estimate for the error in the Euclidean norm, wise40, is given by

C(n,m)~c,h%™, (59
where
c;=0.03, ¢,=0.002, c3=0.0006, c,=1.5x107% andcs=3x10"8. (60)

There is a slight difference between even and odd cases, but this is insignificant in an estimate like
this. The value oty is set to fit the observed trend in the other coefficients as the asymptotical
behavior is only glimpsed. In cases=2 andm=4, it is vitally important to remember to truncate
the asymptotical eigenvectar™® correctly.

For larger values ofi, one needs very small values ofin order to obtain accurate or even
reasonable results. But for relatively small valuesipbayn=10, the error is extremely small at
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w~0.01. The strong dependence omeans that the first few states can be obtained to a high
precision even for quite strong couplings in the neighborhood-e0.1. We have determined the
ground staten=0 up to the 31st order and numerical comparison strongly supports the asymp-
totical behavioro™ for m=13.

In order to make the above discussion more concrete, we explicitly give the second-order
solutions as functions ab, £= /o x, n (not f) andk’. For even values afi we find the solution
function

k/
PP = Ay expl— (3+(3+2n) w/32) £+ (w/96)§4)k§_:0 (h{M&2K(1+ (3k— K2+ 10kK') 0/48)),
(61)

whereA, , is a normalization factor which ensures tﬂidtf]z‘XO)H:l. For odd values of the
result is nearly identical, i.e.,

g
YA = Ay expl(— (3+(3+2n) 0/32) £+ (w/96)§4)k20 (h{ME2(1+ (7Tk—k?+10kK') w/48)).
(62

The tiny difference 8— 7k in the generalized Hermite polynomial is very important, because
: ; m,Xq) (X0) 2

otherW|.se the gsymptopcal converge.r1||(z,f{I 0 - b, ; |~ w* does not appear. The common ex-

ponential part in the third order solution functlaxri"' ) reads

exp(— (3+(3+2n) w/32+ (53+ 69+ 21n?) »?/1536) &2+ (w/96+ (11+ 6n) w?/1024) £*
—(w?11280 £%)). (63

The explicit solution function,b&”’m) solves the asymptotical eigenvalue equation up to the order
o™ and yields a normwise convergence-et™.

When employing these asymptotical solutions, one should first study, how accurate eigenvec-
tors are required for the problem at hand. The next step is to choose the order of the solution and
the correct truncation with respect xo Then, the calculations are performed and the results are
obtained, hopefully faster than with the conventional approach of numerical diagonalfzation.

IV. COMMENTS ON SOLVING THE ANSATZ

In this section we discuss how to solve the set of algebraic equations resulting frai33Eq.
as effectively as possible. First we observe that the zeroth order, i.e., terms proportional to arbi-
trary powers of¢ are satisfied by the fact exp@). Next, all equations related to terms

{wgnt2-2"y K (64)

are identically satisfied because of the recursion relddmewritten in terms of the coefficients
h{"™. A careful reader notices that terms proportionalg@_, do appear, but they identically
cancel and thus they are not constrained in this order.

From here on, we proceed by recursively solving the coefficients for the next order and also
for sufficiently many values oh so that all coefficients in the expansions{ef{)’} and{a{"}
have been constrained. In reality, we first obtained the solution fun¢1ﬁ'?3:n°'m:6 and a poorly
formulated expression for arbitrary second-order solution, i :M™=2) but let us proceed in the
way this should be done. Because the equation are quite difficult to handle with pen and paper, we
chose to write and simplify the equations witATHEMATICA software®®

We first consider the cases=0 andn=2 as simple examples. Far=0 we expand Eq(33)

up to and including ordew® to find
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| 1- ;sz a9+ %-l— X; +o0%| - 4£8+ aioz) +ay g+ i)+ 2a(0)+6a(0)) ]
|4 2+ w?(x>+1/16) N w_3 . 65
2 2 512
Immediately, we obtain
)=—3/32 andal)=1/96. (66)

Inserting these into E¢65) gives a{%)= —53/1536.
In the casen=2 and we examine all terms below the orderadf The generalized Hermite
polynomial now reads

Hy(&)=—2+40x3(1+ BHw+ BRw?+ BHw®) + O( ). (67)

Expanding all terms and moving them onto the same side yields the equation

0-of| ot o260 + o - 22 SR o s - 2682
+x2 —g—lZa(2)+6a(z) + ol Zige+(a(lsz))z—56;(1?3)+a‘fi+a(fz<§—2/8ﬁ)
Biﬁ B~ 253 +x2| St 2(ai)2- 120 - 37af+ 60+ o > - 1035%;)
B 39]{36(121)) x4 §Z+4a(2)—32a(f§ (69)

Notice that all terms proportional t@° and w! have canceled out, which again shows that the
lowest-order approximation for the eigenvalue and eigenstate are already correct and agree with
the results for the continuous case. The three coefficients related #84Recan be solved from

the coefficients ofw?, w®x?, andw*x* and they read

a@=-7/32, aJ=1/96, andp?=1/4. (69)

Substituting these into the set of equations and extending the calculation touSree find the
subsequent coefficients to be

a{?}=—275/1536, a?)=23/1024, al=—1/1280, andB{?}=37/256. (70)

After solving a sufficient number of coefficients\’ and B{!’ one should start searching for
regularities in the solution.

Almost immediately we guessed the polynomial charactef(kﬁﬁ?f, first in terms ofn and later
noticing that they should be written in termsfofas in Eqg.(44). This considerably helps solving
the coefﬂmentsB(”) as for larger values of the coefficientSa(kT) appear as constants, not un-
knowns.

In the beginning, we tried to solve all possible terms up to a given order First one should
notice that only terms with<m are required for the solution functiof{™™ . Assuming that the
previous orders have been explicitly obtained, means that only the equations corresponding to
m’=m in Eq. (34) have to be solved. In addition, generally known coefﬂuerfﬁ%h identically
satisfy equations corresponding to the highest powerg &xplicitly, if we assume that coeffi-
cients{af",}{_ are known, only the equations for
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{wm§n+2k0—2l’ r?jg, (71)
are required and the expansion of E83) has to be carried out up to and including the order
0™kt 2 for coefficientsl <m.

After obtaining a rather complicated expression for the coefﬂmﬂﬁﬁég, we happened to
transform it into form equivalent to the present form and conjecture the general f(;ﬁifﬁ)cuh Eq.
(52). The most important lesson taught by the discretized harmonic oscillator when solving the
coefficients is that your numbers may be wrong, but the general forms usually are not. On several
occasions, this became painfully obvious when the numbers did not check. Each and every time
the general forms were correct, but the used expansion of38Bpor the numbers inserted into it
were not.

Later on, we started to study the regularities in the general expressions. The polynomial

structure of the coefﬁuent&k, 'l that do not contain any gamma functions was relatively easy
obtain, but the other set required a real stroke of luck. We managed to write some of these

coefﬂmentSa“ I as explicit products. After being pointed out, ETHEMATICA , that the first two
could be written in terms of gamma functions, it was only a question of finding the correct
gammas before Eq45) was written. In order to appreciate the technical part of obtaining the
general form of the coefficients we point out that the coefﬁcuafﬂi+ , was completed by solving

the 12th order solutlorw(m 12%0) and confirmed by the case=1. Further terms have been
obtained by solving the asymptotical differential equati(3f.

The regularities in the coefﬂmen{sﬁ’kl)} have been found out using by studying the expan-
sions with respect tk andk’. By conjecturing the recurring appearance ofK’10k) in Egs.(53)
and(54) it becomes possible to solve the quantities defined in &§$-(58). In addition to these,
the general expression fo "), _5 can be obtained from the known coefficients.

Finally, we will estimate the difficulty of obtaining the explicit asymptotical solut&iﬁ’
We assume that both the expansion of the eigenvalues up to the required order and the solution
zpﬁm_l’XO) have been obtained in advance. The coefficier{s can be determined from the expo-
nential parts of the eigenvectors up to and including the casen—1. The completely general
expressions in Eq45) are finished at much slower a pace. The asymptotically satisfied differen-
tial equationg35) speed up this process considerably.

Obtaining the coefficients(k’;), is more difficult. The general forrb2) shows that all states up
to n=4m—3 must be solved. The explicit expressions for the leading parts,B(é,2 —2),
B(l,21-3), B(l,2 —3), andB(l,2l —4) make this task easier by five states. Thus all states up to
n=4l—8 must be found, unless further general properties are found.

Regardless of these simplifications, the number of required terms and participating equations
grows quite fast. Obviously, the general form of the coefficients in the exponential factor is much
easier to obtain and thus they should be applied as early as possible. It is also possible that
considerable simplifications or generalizations for the known coefficients lurk just around the
corner. This has already happened on several occasions so far. We still choose to pause here, as the
given general expressions have been validated rather convincingly and it not obvious, how, if at
all, the next orders in the expansion would improve the results qualitatively. We hope a solid
foundation has been laid for those striving towards the complete, asymptotical solution for the
discretized harmonic oscillator.

Xp) .

V. PROVING THE SOLUTION AND SOME GENERAL PROPERTIES

Finally, we attack the difficult problem of actually showing that the solution is a general one.
Thus far we have solved the equations for an increasing number of eigenstates usB®).Hdpis
formulation is the best if actual numerical values of the coefficiefffsand 8{ are sought after.

This is explained by symbolic math being most effective when the number of unknowns and
symbols is as small as possible. In principle, the process explained below could be used for
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obtaining recursion relations between the coefficients of the solution and, subsequently, the full
solution. Presently, we only show that the equations corresponding to leading orderstpre
satisfied identically.

k' +m

We have to solve the equations correspondinga8¢"m=2" }r—o in order to obtain the
mth order solution. We have now obtained the explicit solution up to the seventh order so we can
check if it is correct. For this purpose, we must write E8g) explicitly in terms ofu:=\/w and
¢, although odd powers af eventually cancel. Multipliers o&(“) and/:.’(“) now read

u2(|—1)[(§iu)2k_§2k] and (fiU)n+2(k_k,), (72)

respectively. On the right-hand side the nontrivial term is giverwl§§/2. Expanding all terms
multiplying a fixed terrT‘h(k”) up to the order yields terms

2 _ ! L’
h{"™ 1+u2(2(k—k) n/2+% (n—1+2(k kf)z)(””(k k))”
§2
=h{"| 1+u? —fA2+ = 5 (73

The terms proportional t§2 cancel and equating each powerééeparately yields an equation
hi"2(k’ —k)+[2(k+1)2F (k+1)]nh{?, =0, (74)

where the signst and — corresponds the even and odd valuespfrespectively. The above
equation is identically satisfied by the Hermite polynomials, which proves that the first-order
solutiony, (1%0) s correct. A careful observer immediately asks about the second order corrections

(") which also yield terms proportional 16?. However, these coefficients are not fixed at all by
Eq (33) in the orderu?. The only term that is easily solvable from this relation in the dominant
coefficienta(lf‘}— —1/2 which remove$(", from the recursion relations. Later on, the dominant
coefficients{ (P}, cancel the ternin(”_) in the ordero™.

In the next ordemw? we insert the solved coefficients and obtain for even values of a recursion

relation

6(n+2—2k)h{M, +[(2k3+k?(42—11n) — 6n—3n?—k(—6+9n—5n?) 1h{"V — (1+k)(1+ 2k)

X (22+ 31k+k?—5n—5kn)h{", +2(2k+4)(2k+ 3)(2k+2)(2k+1)h{?,=0, (75)

which is again identically satisfied by the Hermite polynomials. For odd values ofe find a
similar recursion relation, once we repladce=n/2 by k' =(n—1)/2. This completes the proof in

order w? and validates the second-order elgenvec(&ffé(o .
In the third order the recursion relation for even values aeads

180 — 4+ 2k—n)h{", +30(62— 42k — 24k?+ 4k®+ 74n— 10kn— 22k?n + 17n%+ 10kn?)h{",
+[ — 4500 — 45002 —90n3— 10k®+ k*( — 452+ 105n) + k3( — 2332+ 24581 — 300n?)
+k?(4230+ 4910 — 1204+ 125°) + k(— 300— 5850 — 1256+ 179°3) Th{"V
+(1+Kk)(1+2K)(1022+ 2705 + 3684+ 326k>+ 5k*— 2274 — 443kn— 1726°n
—50k®n+454n°+ 57%n?+125n?)h{"V, — 16(1+k)(2+k)(1+ 2k)(3+ 2k)(110+ 101k
+5k?—50n—25kn)h{",+ 2561+ k) (2+ k) (3+ k) (1+ 2k) (3+ 2k)(5+ 2k)h{? ;=0.

(76)
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Because the Hermite polynomials satisfy this and the corresponding relation for odd vatues of
the solution:/xf‘xf’) has been rigorously proven as correct.
The eigenvectora//ﬁm'xf)) tend to the e|genvector¢r(X°) of H(xp) at an asymptotical rate

proportional tow™. The exact eigenvectors are orthogonal as eigenvectors of a Hermitian matrix

and by their closure relation we can write

U=+ o by, (77

n

whereb,,, are finite constants such thag|b,|2< in the limit w— 0. The orthonormality relation
for the asymptotical solutions thus reads

(m,xg)

WOy 0= 8 + O™, (78)
provided that the sunX,|b,| is finite for both states. In other words, the eigenvecwﬁg’x‘))
become orthonormal at the rate o™ Numerical checks seem to confirm this, at least for
relatively small values ohf.

As a final effort, we outline a plausible “proof” for the asymptotical convergence. As a first
step, we show that without loss of generality we can examine a finite truncation of the eigenvector
g™ the vectorw(x‘)) {z//f”)XO}J_f j, for sufficiently largej,. For sufficiently large values of
lj| the eigenvalue\, becomes insignificant in E¢32) and we write an approximate equation

(P =2V + g )1 (x%) = w? (79

For sufficiently large values of and/orj the sign ofzpf(“) is constant and this equation shows that
the functiony, = :,/f(”) Xq exp(—w(xz—jg)/(2+s)), for some smalk>0, is a dominant sequence for
M Now, the I|m|t|ng sequence of norms

; (X0) _ (X )
lim [0 — g9 (80)
Jo—>
vanishes exponentially with respectjip In other words, we can always find a finitg such that
the error in the norm is sufficiently small.

Next we use the fact that solutialtm'xf’) satisfies the eigenvalue equati@2) up to the order

o™ when written in terms of. Thus we can write
poP+ gD

20 (= + wE?/2)

=1+ O0(0™?). (81)

We fix the scales of the eigenvectors by settiﬂéﬁx")) = (z/;ﬁlx")) ; for an arbitraryj. It would be
very tempting to say that E¢81) implies (™), 1= (40?);, 1(1+ O(«™*1)) and then won-
der why convergence is not asymptotically proportionabf®'®. As already explained the solu-
tion z/;f]m’x‘)) does not fix the coefficient,é(kf‘,)n+l which most definitely yield terms proportional to
™. Thus we obtain a relation

(lpam'XO))jJ,l:(l/fﬁxo))j+1(1+O(wm))' (82)

By matching the eigenvectors a0, and expanding the components to the finite valtigg
shows that the order of error is™ for all components withj|<j,. Becase the error caused by the
truncation is insignificant the result holds for the full eigenvectors and we obtain the desired result
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(™0 — OO~ o, (83)

or at least show that the result is quite plausible.

VI. CONCLUSIONS

We have obtained an explicit, asymptotical solution for the discretized harmonic oscillator.
Both the eigenvalues and eigenvectors have been obtained and we can choose a prespecified rate
of convergence towards the exact solutions. This is done by truncating the ansatz solution accord-
ingly. Because the problem can be mapped onto the Mathieu differential equation, we simulta-
neously provide asymptotical expressions for the Mathieu functions. Theé @abev equation of
the quantum pendulum corresponds to the Mathieu equation, which yields immediate applications
for the results.

The method described above can be generalized to accommodate several coordinate dimen-
sions with only minor changes. This should make the results of Ref. 29 both more transparent and
more rigorous. The tunnelling—charging Hamiltonian of a Cooper pair pump corresponds to a
modified multidimensional Mathieu equation.

Alternatively, ansatzes similar to EBO) could be constructed in case of difference equations
that become identical to analytically solvable differential equations in some asymptotical limit.
Initially, the problem assumes the form of an infinite-dimensional, two-paranfeigenvalug
problem, where the asymptotical solutiof@genvalues and eigenvectpraust be obtained. The
ansatz maps the problem onto an infinite set of algebraic equations that must solved. If the form
of the ansatz is correct, one may determine some general properties of the exact solution.
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